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ON CLASSIFICATION OF HIGHER RANK ANOSOV ACTIONS ON
COMPACT MANIFOLD
DANIJELA DAMJANOVIC´ AND DISHENG XU
Dedicated to Anatole Katok
Abstract. We prove global smooth classification results for Anosov Zk actions on gen-
eral compact manifolds, under certain irreduciblity conditions and the presence of suffi-
ciently many Anosov elements. In particular we remove all the uniform control assump-
tions which were used in all the previous results towards Katok-Spatzier global rigidity
conjecture on general manifolds. The main idea is to create a new mechanism labelled
non-uniform redefining argument, to prove continuity of certain dynamically-defined ob-
jects. This leads to uniform control for a higher rank action and should apply to more
general rigidity problems in dynamical systems.
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1. Introduction
Anosov diffeomorphisms are well-studied class of systems, which in many respects either
have or are expected to have rigid dynamical features. For example, it is well known
result of Anosov that complete topological orbit structure of an Anosov diffeomorphism is
preserved under C1-small perturbations. Principal examples of Anosov diffeomorphisms
are hyperbolic affine maps on nilmanifolds (in particular on tori), and manifolds finitely
covered by nilmanifolds (infranilmanifolds). A long outstanding global topological rigidity
conjecture says that all Anosov diffeomorphisms are topologically conjugate to affine maps
on infranilmanifolds. This conjecture on nilmanifolds has been proved by Franks and
Manning [18], [42], but only a few results are known for general manifolds, (cf. [19], [8]
and the references therein).
These topological local and global rigidity results for Anosov diffeomorphisms cannot
be improved in general to smooth rigidity results. It is easy to see already for algebraic
Anosov maps on the torus that the differentiable orbit structure may be destroyed via
small perturbations [34, Section 2.1]
It was a remarkable discovery made by Katok and Spatzier [37], that when certain
commuting algebraic Anosov maps generate a Zk group action, k ≥ 2, then perturbations
of this group action indeed preserve full differentiable (in fact smooth) orbit structure. This
phenomenon is labelled local rigidity. Actions which have such strong rigidity property of
course must not reduce in any way to Z-actions, i.e. single diffeomorphisms. For example
if we pick two Anosov diffeomorphisms on two manifolds, this naturally induces a Z2
Anosov action on the product manifold. However, this ”product action” cannot enjoy any
rigidity whenever single Anosov diffeomorphism does not. Therefore, some ”irreducibility”
condition on a higher-rank action is necessary. All known “irreducible” higher rank Anosov
actions are C∞−conjugate to algebraic models, and ”irreducibility” for algebraic actions
is a well understood notion.
All the strong rigidity properties (found in [37, 27, 35, 36], etc.) of the irreducible alge-
braic models support the following global smooth classification conjecture for higher-rank
Anosov actions, i.e. Zk actions (k ≥ 2) containing one Anosov diffeomorphism, made by
A. Katok and R. Spatzier:
Katok-Spatzier global rigidity conjecture: All “irreducible” smooth Anosov Zk ac-
tions for k ≥ 2, on any compact smooth manifold, are C∞-conjugate to algebraic models
on infranilmanifolds.
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Significant progress ([17, 16, 23, 33, 28, 29, 22, 15], etc.) has been made towards proving
the Katok-Spatzier conjecture. In particular, Rodriguez Hertz and Wang [23] proved the
Katok-Spatzier conjecture under the assumption that the action is on a nilmanifold. This
result was preceded by the work of Fisher, Kalinin and Spatzier [17] on nilmanifolds
under the assumption that the action has sufficiently many Anosov elements. The crucial
starting point for these works on nilmanifolds actions is the Franks-Manning topological
conjugacy (linearization) from the Anosov action to the algebraic model ([18, 42]), and in
this context “irreducibility” condition can be easily defined as the lack of rank-one factors
for the linearization.
For higher rank Anosov actions on general smooth manifolds, the Katok-Spatzier con-
jecture is wide open and only a few partial results are known, (cf. [33, 28, 29]). It is even
not known how to formulate it explicitly. The reason is that it is hard to give a precise
definition of “irreducible”, because on general manifolds a priori there is no topological
conjugacy from the action to an algebraic model.
In all the existing results for Katok-Spatzier conjecture on general manifolds, the fol-
lowing three types of conditions are always assumed:
• Uniform control for the action on certain dynamically-defined foliations. (For ex-
ample uniform quasi-conformality , cf. [28, 29, 15], etc)
• Certain irreducibility conditions. For example, totally non-symplectic condition
(TNS), cf. section 2.
• The presence of sufficiently many Anosov elements, (for example totally Anosov
condition, cf. section 2), is assumed in almost all the existing results on the Katok-
Spatzier conjecture (cf. [17, 16, 33, 28, 29, 15], etc).
The TNS condition was defined by Katok, Nitica and Torok [38] for the purpose of
obtaining a more geometric approach to proving certain rigidity properties of higher-rank
Anosov actions. It was initially used for algebraic actions, but it is of great importance in
understanding “irreducibility” for general non-algebraic actions on general manifolds.
In this paper, we prove Katok-Spatzier conjecture on general manifolds under certain
irreducibility condition and the assumption of presence of many Anosov elements. In par-
ticular one consequence of our results is that
“Theorem 0”. All the uniform control assumptions for the Anosov actions can be
removed from all the previous results towards the Katok-Spatzier conjecture on general
manifolds.
For precise statements of the main results on global rigidity which imply Theorem 0,
cf. section 2.4.
A surprising consequence of our results is also the following measure rigidity result:
Theorem 1. Any TNS totally Anosov action α preserves a smooth volume form.
Theorem 1 comes as a surprise given that it is clearly not true for a single Anosov
diffeomorphism. In recent breakthrough concerning Zimmer’s conjecture by [10, 11] given
various strong rigidity properties of higher rank simple groups, a measure rigidity result
(see also [9]) is proved and it plays a crucial role.
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The group Zk on the other hand does not enjoy as many rigidity properties as higher
rank simple groups and we use here a completely different approach than that in previous
measure rigidity arguments, in particular we use no entropy arguments.
We trust that our results and techniques will have further applications towards Katok-
Spatzier conjecture and more general smooth rigidity problems in the future. The basic
philosophy hidden behind our approach can be summarised as follows (similar approach
has already been used for certain higher rank semisimple Lie group actions, cf. [10, 11]):
• Any measurable dynamically-defined object for a higher-rank group action with
some hyperbolicity, should be Ho¨lder continuous.
• Any non-uniform estimate for dynamically-defined quantities of a higher-rank group
action with some hyperbolicity, should be uniform.
As already mentioned, one of the main results we prove in this paper is towards the
second item above, namely:
Theorem 2’ For any TNS totally Anosov action α, up to a polynomial factor, the deriv-
ative Dα has exactly the same “growth speed” everywhere.
Again this uniformity result does not hold for single Anosov diffeomorphism! More
precisely, we prove the following standard form for Dα.
Theorem 2. For any TNS totally Anosov action α, there exist n ∈ Z+, a finite cover M¯
of M and Ho¨lder continuous change of coordinates on TM¯ , linear on the fibers such
that for any a ∈ Zk and x ∈ M¯ , we have
Dα¯(na)(x) =


A1(x)
A2(x)
. . .
Ak(x)


where
Ai =


enχi(a) ·Oi1(x) ∗ · · · ∗
enχi(a) ·Oi2(x) · · · ∗
. . .
...
enχi(a) ·Oil(x)


Here α¯ is the lift of α|n·Zk on M¯ and each χi is a linear functional on Z
k independent
of x and Oij are orthogonal matrices.
The key point to proving Theorem 2 is Ho¨lder continuity of the associated Zimmer
measurable amenable reduction for Dα. The main idea is to create a new and surprisingly
effective mechanism, labelled non-uniform redefining argument, to prove the Ho¨lder conti-
nuity of general dynamically-defined object on the fiber bundles over spaces with certain
hyperbolicity.
Another key step in the proof of Theorem 2 is new and crucial subexponential esti-
mate (section 4) derived from our subtle cocycle-theoretical argument. Previously the
corresponding estimate was only known (cf. [16]) for Anosov actions on nilmanifolds. We
generalize it to arbitrary compact manifold.
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2. Setting and statements
2.1. Anosov Zk actions on infranilmanifolds. SupposeM is a compact smooth man-
ifold. Recall that f ∈ Diff1(M) is called Anosov if there is a Df -invariant splitting
TM = Es ⊕ Eu of the tangent bundle of M such that for some k ≥ 1, any x ∈ M , and
any choice of unit vectors vs ∈ Esx, v
u ∈ Eux ,
‖Dfk(vs)‖ < 1 < ‖Dfk(vu)‖,
Now we consider a Zk−action α on a compact manifold M by diffeomorphisms. The
action is called Anosov if there is an element that acts as an Anosov diffeomorphism.
Recall that a compact nilmanifold is a quotient of a simply connected nilpotent Lie group
G by a cocompact discrete subgroup Γ, and a compact infranilmanifold is a manifold that
is finitely covered by a compact nilmanifold. A linear automorphism of a nilmanifold G/Γ
is a homeomorphism that is the projection of some Γ-preserving automorphism of G. An
affne automorphism of G/Γ is the composition of a linear automorphism of G/Γ and a left
translation. An affne automorphism of a compact infranilmanifold is a homeomorphism
that lifts to an affne nilmanifold automorphism on a finite cover. All currently known
examples of Anosov diffeomorphisms are topologically conjugate to affine automorphisms
of infranilmanifolds.
2.2. Lyapunov distributions and irreducibility conditions. Suppose µ is an ergodic
probability measure for an Anosov Zk action α on a compact manifold M . By commuta-
tivity, the Lyapunov decompositions for individual elements (cf. [47]) of Zk can be refined
to a joint α−invariant splitting. By multiplicative ergodic theorem [47] there are finitely
many linear functionals χ on Zk, a µ full measure set P , and an α-invariant measurable
splitting of the tangent bundle TM = ⊕Eχ over P such that for all a ∈ Zk and v ∈ Eχ, the
Lyapunov exponent of v is χ(a), The splitting ⊕Eχ is called the (Oseledec) Lyapunov de-
composition, and the linear functionals χ are called the Lyapunov functionals (exponents)
of α (with respect to µ). The hyperplanes kerχ ⊂ Rk are called the Lyapunov hyperplanes,
and the connected components of Rk − ∪χ kerχare called the Weyl chambers of α. The
elements in the union of the Weyl chambers are called regular.
For any Lyapunov functional χ the coarse Lyapunov distribution is the direct sum
of all Lyapunov spaces with Lyapunov functionals positively proportional to χ: Eχ :=
⊕Eχ′ , χ
′ = cχ, c > 0.
The following properties of Anosov actions have been used in a large body of work to
describe irreducibility of the action, and they will appear in the main results of the paper:
Definition 1. Suppose α is a smooth Zk Anosov action on M . α is called totally non-
symlpectic (TNS) if there is a fully supported α−invariant ergodic measure µ such that
there is no negatively proportional Lyapunov exponents of α with respect to µ. Or equiv-
alently, for any pair of Lyapunov distributions Eχ, Eχ′ there exists a ∈ Zk such that
Eχ, Eχ′ ⊂ E
s
a.
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In the study of rigidity for Anosov actions it is quite natural to assume the presence of
many Anosov elements, cf. [17] and the references therein. In the rest of the paper we
always consider Anosov actions under the following assumption.
Definition 2. A Zk action α on a compact manifold M is called totally Anosov if all
non-trivial elements are Anosov.
In the presence of sufficiently many Anosov elements, (e.g. totally Anosov action)
and if the ergodic measure is of full support (such a measure always exists if there is a
transitive Anosov element in the action) the coarse Lyapunov distributions are minimal
non-trivial intersections of stable distributions for various elements of the action. They are
well defined everywhere, Ho¨lder continuous, and tangent to foliations with smooth leaves.
(For more details Section 2.2 in [33]). Moreover, for any other action invariant measure
of full support, and with Anosov elements in each Weyl chamber, the coarse Lyapunov
distributions will be the same, as well as the Weyl chamber picture [33].
A remarkable property for TNS totally Anosov action is the following lemma:
Lemma 2.1. Each Anosov element of a TNS totally Anosov action is transitive.
Proof. By TNS condition alll non trivial elements α are Anosov and preserving a fully
supported finite measure. Then the non-wandering set for each Anosov element is the
whole manifold. It is known that this implies the Anosov diffeomorphism is transitive, cf.
[34] Corollary 18.3.5. 
2.3. Standard form for the derivative cocycle of a TNS totally Anosov action.
Throughout the paper, smoothness of diffeomorphisms, actions, and manifolds is assumed
to be C∞, even though all definitions and some results (especially the key Theorem 2) can
be formulated in lower regularity. Suppose now action α is assumed to be an TNS totally
Anosov Zk action on a compact manifold M . Then Theorem 2 could be restated as the
following, there exist n ∈ Z+ and a finite cover M¯ of M such that
Theorem 3. (1) ( Independence of the choice of measure) The Lyapunov exponents
of Dα¯ are the same for any α¯−invariant ergodic measure µ. Here α¯ is the lifting
of α|n·Zk on M¯ .
(2) (Ho¨lder continuity of Oseledec splitting) The cocycle Dα¯|n·Zk preserves a Ho¨lder
continuous Oseledec splitting on TM¯ :
(2.1) TM¯ =
⊕
E¯χ
(3) (Polynomial deviation) Within each Oseledec space E¯χ, Dα¯ has the polynomial
deviation in the sense that there exist C > 1,m ∈ Z+ such that for any unit
vector v ∈ E¯χ, any b ∈ Zk,
(2.2) C−1(‖b‖ + 1)−meχ(b) ≤ ‖Dα¯(b) · v‖ ≤ C(‖b‖+ 1)meχ(b)
(4) (Ho¨lder continuous Zimmer amenable reduction)Within each Oseledec space E¯χ,
there exist a Dα¯|n·Zk−invariant Ho¨lder continuous flag
{0} = Eχ,0 $ Eχ,1 $ · · · $ Eχ,l(χ) = E¯χ
and a family of Ho¨lder continuous metrics ‖‖χ,i within the bundles Eχ,i/Eχ,i+1 such
that for any v ∈ Eχ,i/Eχ,i+1, any b ∈ Zk,
(2.3) ‖Dα¯(nb) · v‖χ,i = e
χ(nb) · ‖v‖χ,i
CLASSIFICATION OF ABELIAN ACTION 7
As a consequence, we can prove Theorem 1.
Proof of Theorem 1. We consider the finite cover M¯ , the lift α¯ and the positive integer n
we got from Theorem 3. By the part on Zimmer reduction in Theorem 3, we can construct
a Ho¨lder continuous volume form νχ on E¯χ by taking the wedge product of the volume
form induced by ‖‖χ,i within each Eχ,i/Eχ,i−1. Then we set
ν := ∧χνχ
By (2.3), for any element b ∈ Zk α¯(nb) we have Dα¯(nb)∗ν = e
∑
χ nχ(b) · ν. As the proof
of Lemma 2.1 we know without loss of generality we could assume α¯(nb) is a transitive
Anosov diffeomorphism on M¯ .
Suppose that ν = φ0(x) · ν0, where ν0 is an arbitrary smooth volume on M¯ , then φ0 is
a continuous solution of the cohomological equation
(2.4) φ(α¯(nb) · x)−1 · φ(x) = e−
∑
χ χ(nb) · det(Dα¯(nb), ν0)
since the right hand side of (2.4) is smooth and α¯(nb) is a smooth transitive Anosov diffeo-
morphism, and φ0(x) is bounded from below, by Livsic theorem (see [41]) the continuous
solution φ0 is in fact smooth. Therefore α¯|nZk preserves a smooth volume form ν on M¯ .
Then ν induces a probability measure pν on M¯ .
Let pν′ := Π∗(pν) to be the probability measure on M , where Π : M¯ → M is the
covering map. Then obviously pν′ is induced from some smooth volume form ν
′ on M .
Moreover since for any b ∈ Zk, Π◦α¯(b) = α(b)◦Π, then pν′ as well as ν ′ is α|n·Zk−invariant.
To get an α|Zk−invariant measure (not only α|nZk−invariant), we consider
pν′′ :=
1
Nk
∑
0≤ci<N
α(
k∑
i=1
ciei)∗pν′
where {ei, i = 1, . . . k} is the canonical basis of Zk. Since for any b, pν′ is α(nb)−invariant,
then by our construction pν′′ is indeed α−invariant. Obviously pν′′ is induced from a
smooth volume form ν ′′, hence α is a volume preserving action. 
2.4. Global rigidity for TNS totally Anosov Zk−actions. Recall that a nilmanifold
is a quotient N/Γ, where N is a simply connected nilpotent Lie group and Γ is a discrete
subgroup. An infranilmanifold M is a manifold finitely covered by a nilmanifold. We call
a diffeomorphism of N affine if it is a composition of an automorphism of N with a left
translation by an element of N . Diffeomorphisms of M covered by affine diffeomorphisms
of N are again called affine. The Franks-Manning conjugacy theorem generalizes to infra-
nilmanifolds: Suppose M ′ is a smooth manifold homeomorphic with an infra-nilmanifold.
Then every Anosov diffeomorphism of M ′ is conjugate to an affine diffeomorphism of M
by a homeomorphism.
Let action α be TNS totally Anosov. As mentioned in the introduction, we have the
following smooth rigidity results for TNS totally Anosov Zk−actions.
As in [28], we say two foliations W1 and W2 of a manifold are topologically jointly
integrable if there is a topological foliation W such that for any x the map
φ :W1(x)×W2(x)→W(x) : φ(y, z)→W1(y) ∩W2(z)
is a well-defined local homeomorphism, i.e. the foliations W1 andW2 give a local product
structure on the leaves of W.
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Theorem 4. If any two coarse Lyapunov foliations of α are topologically jointly integrable,
then α is smoothly conjugate to a Zk−action by affine automorphisms on an infranilman-
ifold.
The following higher rank assumption for Anosov action is considered in [29].
Definition 3. α is called resonance-free if there are no Lyapunov exponents χ1, χ2, χ3
such that χ1 − χ2 is proportional to χ3.
A priori, the resonance-free condition depends on the choice of the ergodic invariant
measure µ, while the TNS condition does not. However, by Theorem 3 we know under the
TNS and totally Anosov assumption, resonance-free condition actually does not depend
on the choice of µ either.
Theorem 5. If α is resonance free, then a finite cover of α is smoothly conjugate to a
Zk−action by affine automorphisms on a torus.
Now we consider a narrow band type condition for Lyapunov exponents. We say α is
Lyapunov pinching if there is a nontrivial element α(a), a ∈ Zk such that the top and
bottom Lyapunov exponents λ
u(s)
± (a) within stable and unstable distributions of α(a)
satisfy one of the following inequalities:
1 +
λu−(a)
λu+(a)
>
λs−(a)
λs+(a)
, 1 +
λs+(a)
λs−(a)
>
λu+(a)
λu−(a)
A uniform version of our condition has been considered in [5, 6, 7, 8].
Theorem 6. If α is Lyapunov pinching then α is smoothly conjugate to a Zk−action by
affine automorphisms on an infranilmanifold.
An immediate corollary of Theorem 6 is the following result, which can be viewed as
a higher-rank, higher dimensional and smooth analogue of Newhouse’s result in [46] for
topological rigidity of codimension-one Anosov diffeomorphism.
Corollary 2.2. If there is an element α(a) such that it has only one Lyapunov exponent
on its stable or unstable distribution, then α is smoothly conjugate to a Zk−action by affine
automorphisms of an infranilmanifold.
Proof. If there is an element a such that α(a) has only one Lyapunov exponent on its
stable or unstable distribution, then by polynomial properties in Theorem 3 we know a
finite cover of α is Lyapunov pinching. But since the covering map could be chosen as
a local isometry, therefore α itself is Lyapunov pinching as well. Then Corollary 2.2 is a
direct consequence of Theorem 6. 
3. Preliminaries
3.1. Anosov Rk−actions and suspensions. An Rk−action α on a smooth manifold
is Anosov if it has at least one element which has a hyperbolic splitting into stable and
unstable distributions, transversally to the orbit distribution (which is tangent to the
orbit foliation of α). Any such element we will call an Anosov element of the action α. In
particular an Rk−action is called totally Anosov if the set of Anosov elements A is dense
in Rk.
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For a Zk−action α on a manifold M there is an associated canonical Rk−action α˜ on
M˜ given by standard suspension construction.
M˜ := Rk ×M/∼, where (t, x) ∼ (t− n, α(n), x), n ∈ Z(3.1)
α˜ : Rk × M˜ → M˜ , α˜(t) · (s, x) = (s + t, x)(3.2)
We call α˜ is the suspension of α. In the following proposition we summarize several
important properties for the suspension α˜ of a Zk Anosov action α, for the proof and
more details see [29], [33].
Proposition 3.1. Let α be a smooth totally Anosov Zk−action on M . Then we have
(1) The restriction of α˜ on Zk preserves each transversal copy of M in M˜ , i.e.
t ∈ Rk, ({t} + Zk)×M/ ∼ ⊂ M˜
(2) Any α−invariant measure on M lifts to a unique α˜−invariant measure on M˜ .
(3) There is an α˜−invariant Ho¨lder continuous coarse Lyapunov splitting
(3.3) TM˜ = TO ⊕ TM = TO ⊕ Ei
where M here is identified with the transversal copy of M in M˜ mentioned above,
TO is the tangent distribution of the Rk−orbits of α˜ and Ei are the finiest nontriv-
ial intersections of the stable distributions of the Anosov elements of the actions.
Each Ei is tangent to a Ho¨lder foliation W i with uniformly C∞−leaves.
(4) The Lyapunov hyperplanes and the picture of Weyl chambers are the same for all
α˜−invariant ergodic probability measures. The set A of Anosov elements for α˜ is
the union of the Weyl chambers in Rk. In particular α˜ is totally Anosov.
(5) For any α˜−invariant ergodic probability measure, the coarse Lyapunov splitting
coincides on the set of full measure with the splitting (3.3). Moreover, for each
Lyapunov exponent χ,
Eχ(p) =
⋂
a∈A,χ(a)<0
Esa(p) =
⊕
χ′=cχ,c>0
Eχ′(p)
(6) Under the TNS condition, almost every element of every Lyapunov hyperplane is
transitive on M˜ .
3.2. Foliation’s holonomies andHolonomies of fibered-bunched cocycles. In this
paper we consider two different classes of maps both are all called holonomy in the previous
work. To distinguish them we will use the words “holonomy” for foliation’s holonomies
and “Holonomy” for the one induced by fibered-bunched cocycles.
Suppose that there are two transeverse F1, F2 in an n−dimensional manifold M where
dimF1 = k,dimF2 = n− k. Then for two F1−leaves F1(x), F1(y) close enough, we could
define the holonomy map h : F1(x) → F1(y), for any z in the local leaf of F1(x), h(z) is
the unique intersection of the local leaf of F2(z) with F1(y).
Now we consider the Holonomies induced by fiber bunched cocycles. For details cf.
[2] [30] and references therein. Recall that a C1−diffeomorphism f on a compact smooth
manifoldM is called partially hyperbolic if there is a Df−invariant splitting Es⊕Ec⊕Eu
of TM such that there exists k > 1 such that for any x ∈M and any choice of unit vectors
vs ∈ Es, vc ∈ Ec, vu ∈ Eu,
‖Dfk(vs)‖ < 1 < ‖Dfk(vu)‖
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‖Dfk(vs)‖ < ‖Dfk(vc)‖ < ‖Dfk(vu)‖
If Ec is trivial then f is Anosov. 1Suppose f : M → M is a partially hyperbolic diffeo-
morphism on a compact manifold M . Then we could pick a continuous function ν < 1
such that for any unit vector v ∈ Esx,
(3.4) ‖Df(x) · v‖ < ν(x)
P : E → M is a finite dimensional β−Ho¨lder vector bundle over M ; and F : E → E is a
β−Ho¨lder linear cocycle over f (i.e. Fx β−Ho¨lder continuously depends on x). F is called
fiber bunched (over W s(f)) if for some β−Ho¨lder norm on E,
(3.5) ‖F (x)‖ · ‖F (x)−1‖ · ν(x)β < 1
for all x in M . Similarly we could define cocycle fiber bunched over unstable manifolds of
a partially hyperbolic diffeomorphism. In section 6 we will meet some cocycles which is
fiber-bunched onW s but not onW u. One of the key problems for this paper is to describe
the dynamics of them.
Definition 4. The stable Holonomy for F : E → E defined above is a continuous map
Hs : (x, y)→ Hsxy where x ∈M , y ∈W
s(x) such that
(1) Hsxy is a linear map from Ex to Ey.
(2) Hsxx = id and H
s
yz ◦H
s
xy = H
s
xz.
(3) Hsxy = (F
n
y )
−1 ◦Hsfnxfny ◦ F
n
x for all n ∈ N .
The unstable Holonomy for F could be defined similarly.
The following proposition lists some important properties of Holonomies of fiber-bunched
cocycles. For x, y ∈ M two nearby points we let Ixy : Ex → Ey be a linear identification
which is β−Ho¨lder close to the identity.
Proposition 3.2. [Proposition 4.2 [30]] Suppose that the cocycle F is fiber bunched. Then
there exists C > 0 such that for any x ∈M and y ∈W sloc(x),
a. ‖(Fny )
−1 ◦ Ifnxfny ◦ F
n
x − Ixy‖ ≤ C(.x, y)
β for every n ≥ 0;
b. Hsxy = limn→∞(F
n
y )
−1◦Ifnxfny◦F
n
x satisfies (1), (2), (3) in definition of Holonomies
and
(4). ‖Hsxy − Ixy‖ ≤ C(.x, y)
β
c. The stable holonomy satisfying (iv) is unique.
Hsxy can be extended to any y ∈W
s(x) using (3). Similar properties also hold for unstable
Holonomy.
Remark 3.3. In section 6.4 we will meet the non-uniform Holonomy induced by non-
uniformly fiber-bunched cocycle which is useful in the proof of Theorem 3.
1In general we could assume k in the definition of partial hyperbolicity to be 1 by considering Lyapunov
metrics.
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4. Subexponential growth for elements on a Lyapunov hyperplane
In this section we prove a useful subexponential growth estimates for elements on a
Lyapunov hyperplane, which generalize Proposition 4.2 in [16] to general compact mani-
folds. As in section 3, α is always to be a TNS totally Anosov Zk action on M , and α˜ is
the suspension action of α.
Lemma 4.1. Let L ⊂ Rk be a Lyapunov hyperplane and E be the corresponding coarse
Lyapunov distribution for α˜. For any ǫ > 0, b ∈ L, there exist C > 0 such that for any
n > 0 and any unit vector v ∈ E,
(4.1) C−1e−ǫn ≤ ‖D(α˜(nb)) · v‖ ≤ Ceǫn
Proof. In the proof we abbreviate α˜(b) to b. Firstly we claim that for any b ∈ L any
b−invariant ergodic measure µ on M˜ , for the cocycle Db we have
(4.2) λ+E(Db, µ) = λ
−
E(Db, µ) = 0
where λ±E are the top and bottom Lyapunov exponents for the derivative cocycle restricted
on E. Without loss of generality we only need to prove that λ+E(Db, µ) ≤ 0 (replace b by
−b we get λ−E(Db, µ) ≥ 0).
Suppose λ+E(Db, µ) > ǫ > 0, we first consider the case where the top Lypaunov exponent
λ+E(Db, µ) of the cocycle (Db, µ) is simple. Consider the projective bundle PE of E over
M˜ and the projective action P(Db|E) of Db|E on PE. Then by Oseledec theorem, the
one-dimensional Oseledec space V1 within E corresponding to the top Lyapunov exponent
of cocycle (Db|E , µ) induces a µ − a.e.−defined P(Db|E)−invariant measurable section
P(V1(x)) of PE.
Obviously the graph of the section {(x,P(V1(x))} is a measurable set in PE (see [55]) and
we can define a Borel probability measure µV1 on PE as the following: for all measurable
set U ⊂ PE
µV1(U) := µ(π(U ∩ {(x,P(V1(x))}))
where π is the canonical projection from PE to M˜ .
For any v¯ ∈ PE, c ∈ Rk, we define
ln ‖Dc · v¯‖ :=
ln ‖Dc · v‖
‖v‖
, where v ∈ E − {0} and v is in the class v¯
Obviously ln ‖Dc · v¯‖ does not depend on the choice of v, moreover it is an additive cocycle
in the sense that for any c1, c2 ∈ Rk, v¯ ∈ PE we have
(4.3) ln ‖D(c1 + c2) · v¯‖ = ln ‖Dc2 · (PDc1 · v¯)‖+ ln ‖Dc2 · v¯‖
In summary, ln ‖Dc‖ is a well-defined function on PE. Now we consider the set C formed
by all P(Db)−invariant Borel probability measure ν of PE such that
(ln ‖Db‖, ν) :=
∫
P(E)
ln ‖Db‖dν ≥ ǫ
By our assumption on µV1 , we have µV1 ∈ C hence C is non-empty, moreover we have the
following
Lemma 4.2. There is a P(Dα˜)∗−common fixed point in C.
12 DANIJELA DAMJANOVIC´ AND DISHENG XU
Proof. It is easy to check C is a compact convex subset in the dual of C0(PE). Moreover
for any c ∈ Rk, ν1, ν2 ∈ C, t ∈ [0, 1],
P(Dc)∗(tν1 + (1− t)ν2) = tP(Dc)∗ν1 + (1− t)P(Dc)∗ν2
Moreover, for any c ∈ Rk, any P(Db)−invariant Borel probability measure ν of PE
(ln ‖Db‖, P(Dc)∗ν)
=
∫
PE
ln ‖Db · (
Dc · v
‖Dc · v‖
)‖dν(v¯), v is arbitrary unit vector in v¯
=
∫
PE
ln ‖D(c+ b) · v‖ − ln ‖Dc · v‖dν(v¯)
=
∫
PE
ln ‖Dc · (PDb · v¯)‖+ ln ‖Db · v¯‖ − ln ‖Dc · v¯‖dν(v¯) (by (4.3))
= (ln ‖Dc‖,P(Db)∗ν) + (ln ‖Db‖, ν)− (ln ‖Dc‖, ν)
= (ln ‖Db‖, ν) (since ν is P(Dα)∗−invariant)
Therefore C is P(Dα˜)∗−invariant. Then by Markov–Kakutani fixed-point theorem (that
is: a commuting family of continuous affine self-mappings of a compact convex subset in
a locally convex topological vector space has a common fixed point, see [49] page 152.),
there exists a P(Dα˜)∗−common fixed point in C. 
As a result of Lemma 4.2, there exists a P(Dα˜)∗− invariant measure ν0 on PE such
that (ln ‖Db‖, ν0) ≥ ǫ, now we pick a b
′ close to b such that b′ is the negative Lyapunov
half space corresponding to L. By smoothness of α we can choose b′ such that
| ln ‖Db‖ − ln ‖Db′‖| <
1
2
ǫ
Therefore by our choice of ν0 we have
(4.4) (ln ‖Db′‖, ν0) >
1
2
ǫ
But since b′ /∈ L and is close enough to b, without loss of generality we could further assume
that b′ is regular, i.e. does not lie in any Lyapunov hyperplane. Then by the totally Anosov
assumption on α and Proposition 3.1, b′ is an Anosov element and E ⊂ Esb′ . Therefore
there exists n = n(b′) ∈ Z+ such that ‖D(nb′)|E‖ < 1. As a result, by Dα˜−invariance of
ν0 we have
(ln ‖Db′‖, ν0) = (ln ‖Db
′‖,P(Db′)∗ν0)
= (ln ‖Db′‖,P(D(2b′)∗ν0)
= · · ·
= (ln ‖Db′‖,P(D(n − 1)b′)∗ν0)
=
1
n
n−1∑
k=0
(ln ‖Db′‖,P(Dkb′)∗ν0)
=
1
n
(ln ‖D(nb′)‖, ν0) (by (4.3))
< 0 (since ‖D(nb′)|E‖ < 1)
which contradicts (4.4).
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In summary, if λ+E(Db, µ) is the simple top Lypaunov exponent then λ
+
E(Db, µ) > 0
cannot hold. For the case that the k−th and (k + 1)−th Lyapunov exponents of cocycle
(Db|E , µ) are distinct, by considering the projective bundle P(
∧k(E)) and by mimicking
the proof above, we can show that λ+E(Db, µ) ≤ 0. Therefore we prove that for any b ∈ L
and for any b−invariant measure µ, (4.2) holds.
Now the proof of Lemma 4.1 is essentially the same as section 4 of [26], for completeness
we give an outline here. We need the following lemma:
Lemma 4.3 (cf. [22], Prop 3.4.). Suppose f is a continuous map of a compact metric
space X and an : X → R, n ≥ 0 is a sequence of continuous functions such that
(4.5) an+k(x) ≤ an(f
k(x)) + ak(x) for every x ∈ X,n, k ≥ 0
If there is a sequence of continuous functions bn : X → R, n ≥ 0 such that
(4.6) an(x) ≤ an(f
k(x)) + ak(x) + bk(f
n(x)) for every x ∈ X,n, k ≥ 0
and infn(
1
n
∫
X andµ) < 0 for every ergodic f−invariant measure µ, then there is N ≥ 0
such that aN (x) < 0 for every x ∈ X.
Now we fix b ∈ L and take ǫ > 0 arbitrary small. Let an be log ‖D(nb)|E‖−nǫ, then by
Kingman subadditive ergodic Theorem [39] and equality (4.2), we have for any b−invariant
measure µ on M , µ− a.e.x ∈M ,
inf
n
1
n
∫
X
andµ = lim
n→∞
1
n
an(x) = λ
+
E(Db, µ)− ǫ < 0
Then an, n > 0 satisfy (4.5). Let bn be log ‖D(−nb)|E‖. It is easy to see that an, bn satisfy
(4.6). Applying Lemma 4.3 to an, n > 0, we have that for any ǫ > 0 there exists Nǫ > 0
such that aNǫ < 0, i.e.
‖D(Nǫb)|E‖ < e
ǫNǫ .
This easily implies the right hand side of (4.1). In a completely similar way we get the
left hand side of (4.1). 
5. A specific splitting
In this section we fix a Lyapunov hyperplane L ⊂ Rn for α and denote by E and W the
corresponding coarse Lyapunov distribution and foliation for α on M . We will establish
smoothness of holonomies along certain stable leaves for some action elements between
leaves of W , by using the estimates from section 4. More precisely,
Proposition 5.1. There exist Dα−invariant distributions E1, E2 and Anosov elements
ci ∈ Zk, i = 1, . . . , 4 such that
(1) TM = E1 ⊕ E ⊕ E2.
(2) E1 = E
s
c3 , E2 = E
s
c4 , E ⊕ E1 = E
s
c1 , E ⊕ E2 = E
s
c2. The distributions E1, E2, E ⊕
E1, E⊕E2 are tangent to α−invariant foliations which we denote by W1,W2,W ⊕
W1,W ⊕W2 respectively.
(3) For i = 1, 2, ci contracts Wi faster than it does W , i.e.
(5.1) ‖Dα(ci)|Ei‖ < ‖Dα(−ci)|E‖
−1 ≤ ‖Dα(ci)|E‖ < 1, i = 1, 2.
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(4) The Ho¨lder foliations W,W1,W2,W ⊕W1,W ⊕W2 have uniformly smooth leaves.
The holonomies along Wi between leaves of W are smooth. Each Wi is a smooth
subfoliation within W ⊕Wi, i = 1, 2.
(5) In addition, for any given β > 0, ci, i = 1, . . . , 4 can be chosen to satisfy the
estimate:
(5.2) ‖Dα(ci)|E‖ · ‖Dα(−ci)|E‖ · ‖Dα(ci)|Ej‖
β < 1, where 2|i − j.
Proof. We take a generic plane P in Rk which intersects different Lyapunov hyperplanes
by different lines. We can order these oriented lines and corresponding negative Lyapunov
half-spaces cyclically L = L1, · · · , Ln. The TNS assumption implies that different negative
Lyapunov half-spaces correspond to different Lyapunov hyperplanes. Let m be the index
such that −L1 is between Lm and Lm+1. There are two Weyl chambers C1, C2 in the neg-
ative Lyapunov half-space L−1 whose intersections with the plane P border L1. Similarly
there are two Weyl chambers C3, C4 across L1 in the positive Lyapunov half-space L
+
1 .
By the totally Anosov assumption on α (see Proposition 3.1), all elements in Ci, i =
1, . . . , 4 are Anosov. Then for any ci ∈ Ci ∩ Zk, i = 1, . . . 4, and denote by
E1 := E
s
c3 , E2 := E
s
c4(5.3)
Then reorder C1, C2 if necessary, we have (cf. section 5 of [16])
(5.4) E ⊕ E1 = E
s
c1 , E ⊕ E2 = E
s
c2
Then we have TM = E1 ⊕ E ⊕ E2 and E1, E2, E ⊕ E1, E ⊕ E2 are tangent to invariant
foliations W1,W2,W ⊕W1,W ⊕W2 respectively. Since stable foliation of Anosov diffeo-
morphism always Ho¨lder continuous and with smooth leaves. Then we prove (1),(2), and
first half of (4) of Proposition 5.1.
It is well-known that a fast part of a stable foliation is C∞ inside a stable leaf (cf. [16],
[29]). Therefore to prove the rest of (4) we only need to prove (3). We take c′1 ∈ C1 ∩ P
and close to a unit vector b ∈ L ∩ P . We consider the path b1(t) = (1− t)b+ tc′1, by our
assumption {b1(t), t ∈ (0, 1)} is contained in C1∩P . We claim that for t > 0 small enough,
n > 0 sufficiently large, b1 = nb
1(t) satisfies that
(5.5) ‖Dα˜(b1)|E1‖ < ‖Dα˜(−b1)|E‖
−1 ≤ ‖Dα˜(b1)|E‖ < 1
Since b is not in any other Lyapunov hyperplane, b uniformly contracts E1. Therefore
there exist θ, c, such if t small enough, for any n we have
(5.6) ‖Dα˜(nb1(t))|E1‖ < ce
−θn
On the other hand, by smoothness of α˜, there exists c′ > 0 such that for t > 0 small,
we have
(5.7) e−c
′t < ‖Dα˜(b1(t)− b)|E‖ < e
c′t, e−c
′t < ‖Dα˜(b− b1(t))|E‖ < e
c′t
We fix a t such that c′t≪ θ and (5.6) holds, where θ is defined in (5.6). Since b1(t) is
an Anosov element, then for n large enough, b1 := nb
1(t) uniformly contracts E, i.e.
(5.8) ‖Dα˜(b1)|E‖ < 1
Notice that for any small positive number ǫ such that ǫ≪ θ by (4.1) there exists C(ǫ) > 0
such that
(5.9) ‖Dα˜(−nb)|E‖ < C(ǫ)e
ǫn
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Then for n large enough
‖Dα˜(−b1)|E‖ ≤ ‖Dα˜(−nb)|E‖ · ‖Dα˜(n(b− b
1(t)))|E‖
≤ C(ǫ)eǫn · ec
′nt (by (5.7), (5.9))
≤ c−1eθn (since ǫ, c′t≪ θ and n large enough)(5.10)
Then by (5.6) we have that for n large, b1 = nb
1(t) satisfies that
‖Dα˜(b1)|E1‖ < ‖Dα˜(−b1)|E‖
−1
Combining with (5.8) we prove that b1 = nb
1(t) ∈ Rk satisfies (5.5) if n large. Replace
c1 by the nearest integer point in C1 ∩ Zk to b1. If n sufficiently large, the c1 we choose
satisfies (5.1). Similarly we can choose c2 corresponding to E2, therefore we obtain (3) of
Proposition 5.1, hence (4).
Proving (5) is essentially the same as (3). Namely, take c′3 ∈ C3 ∩ P and close to a
unit vector b ∈ L ∩ P . We consider the path b3(t) = (1 − t)b + tc′3, by our assumption
{b3(t), t ∈ (0, 1)} is contained in C3 ∩ P . We claim that for t > 0 small enough, n > 0
sufficiently large, b3 = nb
3(t) satisfies
(5.11) ‖Dα˜(b3)|E‖ · ‖Dα˜(−b3)|E‖ · ‖Dα˜(b3)|E1‖
β < 1
As in the proof of (3), by smoothness of α˜ and subexponetial estimate in section 4, for any
ǫ > 0, if t > 0 sufficiently small then ‖Dα˜(nb3(t))|E‖ · ‖Dα˜(−nb
3(t))|E‖ = o(e
ǫn) when
n→∞. But for t > 0 sufficiently small ‖Dα˜(nb3(t))|E1‖ tends to 0 uniformly exponential
fast and the speed does not depend on how small t is. Therefore as in the proof of (3), we
can easily choose b3 hence c3 satisfies (5.2), and similarly we can choose ci, i = 1, 2, 4 so
that they satisfy (5.2). 
6. Proof of Theorem 3
The outline of this section is the following. In sections 6.1, 6.2, 6.3, 6.4, we recall some
important concepts in the theory of cocycles and smooth dynamical systems which we will
use later. In the rest of this section we prove our key Theorem 3.
6.1. Bowen-Margulis measure of a transitive Anosov diffeomorphism. Suppose
that there are two transeverse F1, F2 foliations in an n−dimensional manifold M where
dimF1 = k,dimF2 = n− k. Denote by Fi(x, loc), i = 1, 2. the local leaves of foliations Fi.
Then for every x ∈ M there exists small relative neighborhoods Bi(x) ⊂ Fi(x, loc), i =
1, 2, such that
ι|B1(x)×B2(x) : (x1, x2)→ [x1, x2] := F1(x1, loc) ∩ F2(x2, loc)
defines a homomorphism from B1(x)×B2(x) to some neighborhood B(x) for every x ∈M .
We say the foliation F1, F2 has a local product structure. A probability measure m on M
has a local product structure if for every x in the support of m, there exist m1 and m2 on
B1(x) and B2(x) respectively, such that
m|B(x) ∼ ι∗(m
1 ×m2)
which means that the two measures have the same zero sets. For more details see [1] and
the references therein.
Recall that (the stable and stable foliations of) an Anosov diffeomorphism f on a
compact manifold M has a local product structure. In this section we will consider some
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specific α−invariant measures on M , i.e. Bowen-Margulis measure of some transitive
Anosov elements2. The following lemma is well-known, cf. [12], [43].
Lemma 6.1. Suppose f is a transitive Anosov diffeomorphism on a compact manifold M .
The Bowen-Margulis measure µBM (f) of f is the unique entropy maximizing f−invariant
measure. In addition µBM (f) has a local product structure.
6.2. Uniformly fiber-bunched cocycle and its Holonomy. In this section we con-
tinue our discussion for the Holonomy of the Ho¨lder continuous linear cocycle over a
partially hyperbolic system.
We consider the Ho¨lder continuous coarse Lyapunov distribution E,E1, E2, the folia-
tions W,W1,W2, and the Lyapunov hyperplane L defined in section 5. We denote by β
the Ho¨lder exponent of E,E1, E2. By the uniform control proved in section 5, we can pick
elements c1, c2, c3, c4 close to L enough so that (5.4), (5.3) hold and Dα(ci)|E is a fibered
bunched cocycle over ci, i = 3, 4, here E can be viewed as the central distribution for
partially hyperbolic diffeomorphisms α(ci), i = 1, 2.
Therefore we can consider the stable Holonomy for cocycles Dα(ci)|E , we denote by
H
Wj
ci,x,y := H
j
ci,x,y
if Wj ⊂ W
s(ci). Consider the holonomy map h
i along Wi between two W leaves. By
uniqueness of Holonomy in Proposition 3.2, we have
Lemma 6.2. For any x, y in the same W1 leaf,
(6.1) H1c1,x,y = H
1
c3,x,y = dh
1
xy
Similarly, for any x, y in the same W2 leaf,
(6.2) H2c2,x,y = H
2
c4,x,y = dh
2
xy
Proof. Obviously dhi satisfies all the properties in Proposition 3.2, therefore by uniqueness
of stable Holonomy of the cocycles Dα(ci)|E , we get the proof. 
Lemma 6.3. For any x ∈M,y ∈W1(x), v ∈ Ex − {0}, we have
lim
n→∞
‖Dα(nci) · v‖
‖Dα(nci) · (dh1xy · v)‖
= 1, i = 1, 3(6.3)
Therefore the vectors v and dh1xy · v have the same forward Lyapunov exponents (if they
exist) under the action of Dα(ci)|E , i = 1, 3.
Proof. Notice that Dα(nci)◦dh
1
xy = dh
1
α(nci)x,α(nci)y
◦Dα(nci), then by (3). in Proposition
3.2 we get the proof. 
Suppose now x, y are Oseledec generic points for the cocycle Dα|E with respect to an
α−invariant ergodic measure µ, E = Em1χ ⊕ · · · ⊕ Emnχ µ−almost everywhere, where
0 < m1 < · · · < mn. Then we have
Lemma 6.4. Emkχ(y) = dh
1
xy · Emkχ(x), k = 1, . . . , n. Similarly we have corresponding
Holonomy invariance for Oseledec spaces Emkχ along W2.
2By uniqueness the Bowen-Margulis measure of an Anosov diffeomorphism, the measure µBM(α(b)) of
an Anosov element b is α−invariant.
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Proof. Since χ(c1) < 0, χ(c3) > 0, we have that
{v ∈ Ey − {0}, lim
n→∞
1
n
ln ‖Dα(nc1) · v‖ = mkχ(c1)}
= Emkχ(y)⊕ · · · ⊕ Emnχ(y)− Emk+1χ(y)⊕ · · · ⊕ Emnχ(y)
{v ∈ Ey − {0}, lim
n→∞
1
n
ln ‖Dα(nc3) · v‖ = mkχ(c3)}
= Em1χ(y)⊕ · · · ⊕ Emkχ(y)−Em1χ(y)⊕ · · · ⊕ Emk−1χ(y)
Therefore
Emkχ(y) = {0} ∪ {v ∈ Ey, limn→∞
1
n
ln ‖Dα(nci) · v‖ = mkχ(ci), i = 1, 3}
Then by Lemma 6.3 and equation (6.3) we know Emkχ is invariant under dh
1. The proof
for Holonomy-invariance along W2 is similar. 
6.3. Ruelle’s Theorem. We recall the following version of a result by D. Ruelle, cf.
Theorem 6.3 in [50], section 2 of [44], or section 5.1 of [32]. Suppose f is a C∞ Anosov
diffeomorphism on a compact manifold M , and µ is an ergodic f -invariant measure. The
Oseledec splitting ⊕iEλi for cocycle Df is well-defined µ−almost everywhere, where
λ1 < · · · < λs < 0 < λs+1 < · · ·
Moreover,
Theorem 6.5 (Theorem 6.3 in [50]). There exists a µ−full measure f−invariant set
X ⊂ M such that for any x ∈ X, the flag of fast Oselededc subspaces is smooth along
W s(x, f), i.e. there exists a smooth flag
V1 ⊂ · · · ⊂ Vs = E
s
defined on the whole stable leaf of x ∈ X and for any y ∈W s(x) ∩X, 1 ≤ k ≤ s,
Vk(y) = ⊕
k
i=1Eλi(y)
6.4. Non-uniformly fiber bunched cocycle and non-uniform Holonomy. For (uni-
formly) fiber bunched Ho¨lder continuous cocycle over a partially hyperbolic system we al-
ready defined the associated (un)stable Holonomy. In the following sections we will meet
non-uniformly fiber bunched cocycles. We can define the associated non-uniform Holo-
nomy map as well, cf. [54]. For simplicity, suppose f is an C2 Anosov diffeomorphism on a
compact manifold M and µ is an f−invariant probability measure on M . Let F : E → E
be a Ho¨lder continuous linear cocycle over f , where E is a Ho¨lder continuous vector bundle
over M (the same setting as in section 3.2 and [30]). As in Proposition 3.2 for any two
nearby points x, y ∈ M we set Ixy : Ex → Ey be a linear identification which is Ho¨lder
close to the identity.
Proposition 6.6. If all the Lyapunov exponents of F coincide, then for µ−almost every
x ∈M , for any y, z ∈W sloc(x), for any j ≥ 0,
Hsfj(y),fj (z) := limn→∞
Fn(f j(z))−1 ◦ Ifn+j(y),fn+j (z) ◦ F
n(f j(y)) = F j(z) ·Hsyz · F
j(y)−1
exists and is Ho¨lder continuous along W sloc. Here the size of W
s
loc(x) is uniform and only
depends on F and f . Similarly we could define Hu along unstable manifold of F .
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Proof. Proposition 6.6 is basically proved in [54], section 2. The following are some slight
differences between the settings here and that of [54].
In section 2. of [54] the author consider the case that the bundle E is trivial or smooth,
but all the estimates there also work for Ho¨lder continuous bundle. Moreover, since here
our base dynamics is uniformly hyperbolic, we can choose the holonomy block H(K, τ) in
[54] to beM . In addition,W sloc(x) has uniform size for every x and f is uniform contracting
on W sloc. Then the estimates in Proposition 2.5, Corollary 2.8 of [54] hold on W
s
loc(x) for
µ−almost every x. As a result Hsyz is well-defined on W
s
loc(x) for µ−almost every x. 
In [54], Viana proved a non-uniform version of the invariance principle 3 which was
first obtained by Ledrappier [40], cf. [54], Proposition 3.1. We denote the projectification
of Hsyz by h
s
yz, and the projectification of F : E → E by P(F ) : P(E) → P(E). As in
Proposition 6.6 we assume that all the Lyapunov exponents of F are equal. Notice that the
statement here is a weaker version of Proposition 3.1 in [54] since there f is not necessary
to be Anosov.
Proposition 6.7. Let m be any P(F )−invariant probability measure that projects down
to µ. Then the disintegration mz is invariant under the stable Holonomy h
s µ−almost
everywhere. More precisely, there exists a full measure subset Es of M such that for any
z1, z2 ∈M,z2 ∈W
s
loc(z1) if z1, z2 ∈ E
s then we have
mz2 = (h
s
z1,z2)∗mz1
Similarly we have unstable Holonomy invariance for the disintegration mz of m.
6.5. Continuity of Oseledec filtration: local product structure and continuity.
In this section, we fix the measure µ which is the Bowen-Margulis measure of α(c4),
where c4 is defined in Proposition 5.1. Therefore µ has the local product structure with
respect to the foliations W2 and W ⊕W1, i.e. locally µ ∼= µ
W⊕W1 × µW2 . In addition
by uniqueness of Bowen-Margulis measure for transitive Anosov diffeomorphism we know
that µ is α−invariant.
Let E = Em1χ ⊕ · · · ⊕ Emnχ, 0 < m1 < · · · < mn be the µ−almost everywhere defined
Oseledec splitting of E for the cocycle Dα, where E is defined in section 5. We claim that
for any k, 1 ≤ k ≤ n, up to (redifining the values on) a µ−neglible set, Emkχ⊕ · · ·⊕Emnχ
is a Ho¨lder continuous Dα−invariant bundle on M .
The first step is the following corollary of Ruelle’s theorem.
Lemma 6.8. Up to a modification on a µ−neglible set, for µ−almost every x ∈ M ,
Emkχ ⊕ · · · ⊕ Emnχ is Ho¨lder continuous on W ⊕W1(x).
Proof. We consider an arbitrary Oseledec fast stable subspace V in E ⊕ E1 for cocycle
Dα(c1). By Theorem 6.5, we know up to a modification on a µ−neglible set, for µ−almost
every x, V is smooth along W ⊕W1(x). Notice that Emkχ⊕ · · · ⊕Emnχ is the intersection
of a fast subspace in E⊕E1 with the Ho¨lder continuous subspace E of E⊕E1. Hence up to
a modification on a neglible set, Emkχ⊕· · ·⊕Emnχ is Ho¨lder continuous along W ⊕W1(x)
for almost every x. 
Now we prove the main result of this subsection by creating a non-uniform redefining
mechanism, cf. Proposition 4.8 in [1] for redefining argument for uniform fiber-bunched
3The word invariance principle is used in [1] for general smooth cocycles.
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cocycles. Roughly speaking, consider a fiber bundle over a hyperblic space with a prob-
ability measure with local product structure, if a measurable section of the bundle is
invariant under both of uniform unstable Holonomy and non-uniform stable Holonomy,
then our redefining argument shows that it should coincide with a continuous section
almost everywhere.
Lemma 6.9. The measurable subbundle Emkχ ⊕ · · · ⊕Emnχ coincides with a Ho¨lder con-
tinuous subbundle µ−almost everywhere.
Proof. For ǫ > 0, the foliation W and any point z ∈ M , consider the leaf metric on W
induced by a smooth Riemannian metric on M . We denote by Wǫ(z) the open W−ball
centered z with diameter ǫ (the leaf metric) on the W−leaf passes through z. Similarly
we could define (Wi)ǫ(z), (W ⊕Wi)ǫ(z).
We firstly prove Lemma 6.9 locally. i.e. for any z ∈M and a “rectangle” neighborhood
B(z) of z with uniform size ǫ, B(z) := (W ⊕W1)ǫ(z) × (W2)ǫ(z), there is a continuous
bundle E˜ defined on B(z) such that E˜ = Emkχ⊕· · ·⊕Emnχ almost everywhere. Here “×”
is canonically defined by the local product structure of the foliations W ⊕W1 and W2.
Here ǫ is chosen to be much smaller than the diameter of the neighborhood with product
strucutre for α(c4) and for any z
′ ∈ B(z), (W ⊕W1)3ǫ(z
′) and (W2)3ǫ(z
′) are transverse
to the boundary of B(z). By Lemmas 6.8, 6.4, there exists a µ−full measure set M0 of M
such that restricted on M0, we have
(1) (Uniform Holonomy invariance alongW2) Emkχ⊕· · ·⊕Emnχ is Holonomy invariant
(under dh2) along W2 (by Lemma 6.4).
(2) (Non-uniform Holonomy invariance alongW⊕W1) For any x ∈M0, the restriction
on (W ⊕W1(x)) ∩M0 of Emkχ ⊕ · · · ⊕ Emnχ|M0 can be extended to be a Ho¨lder
continuous map along W ⊕W1(x) (by Lemma 6.8).
Since µ has local product structure, there exists z0 ∈ B(z) ∩M0 such that there is a
full µW⊕W1− measure set R(z0) in (W ⊕W1(z0))3ǫ ∩B(z) satisfying R(z0) ⊂M0 and for
any z1 ∈ R(z0), (W2)3ǫ(z1) ∩M0 ∩B(z) has µ
W2−full measure in (W2)3ǫ(z1) ∩B(z).
By our definition of M0 (condition (2).), there is a Ho¨lder continuous map from E˜0 :
(W⊕W1(z0))3ǫ to the Grassmannian such that E˜0 = Emkχ⊕· · ·⊕Emnχ onR(z0). Then the
Ho¨lder continuous bundle E˜ on B(z) could be defined as the following: for any z′ ∈ B(z),
denote (W2)3ǫ(z
′) ∩ (W ⊕W1)3ǫ(z0) by z
′
1, then
E˜(z′) := dh2z′1z′
· E˜0(z
′
1)
We claim that E˜ = Emkχ⊕ · · · ⊕Emnχ on a µ−full measure set in B(z). In fact for any
z1 ∈ R(z0) and µ
W2−almost every z2 ∈ (W2)3ǫ(z1) ∩B(z), we have that
Emkχ ⊕ · · · ⊕ Emnχ(z2) = dh
2
z1z2 ·Emkχ ⊕ · · · ⊕ Emnχ(z1) = dh
2
z1z2 · E˜0(z1) = E˜(z2)
Since µ has local product structure, the point z2 we chose could run over a full µ−measure
set in B(z). Therefore E˜ = Emkχ ⊕ · · · ⊕ Emnχ on a µ−full measure set in B(z). Notice
that E˜0 is Ho¨lder continous along (W ⊕W1(z0))3ǫ and dh
2
xy Ho¨lder continuously depends
on (x, y), therefore E˜ is Ho¨lder continuous on B(z). But M could be covered by finite
such rectangle neighborhoods B(z), therefore Emkχ ⊕ · · · ⊕Emnχ coincides with a Ho¨lder
continuous subbundle µ−almost everywhere. 
20 DANIJELA DAMJANOVIC´ AND DISHENG XU
In particular, the Ho¨lder continuous extension of Emkχ ⊕ · · · ⊕Emnχ defined in Lemma
6.9 are Dα−invariant as well. In the rest of this section with a slight abuse of notation,
we still denote by Emkχ ⊕ · · · ⊕ Emnχ the Ho¨lder continuous extension of the associated
Oseledec subbundle within E .
6.6. Zimmer’s amenable reduction and its Ho¨lder continuous extension. In this
section we consider the Ho¨lder continuous cocycle Dα|Emnχ , whereEmnχ is aDα−invariant
Ho¨lder continuous subbundle, defined by Lemma 6.9. By our assumption we know for any
c ∈ Zk, the cocycle Dα(c) has coinciding Lyapunov exponents within Emnχ, with respect
to the measure µ which is defined in the beginning of the subsection 6.5.
Our goal for this section is to prove the following key lemma.
Lemma 6.10. There exists N ∈ Z+, a finite cover M¯ of M such that within E¯mnχ (the
lift of the subbundle Emnχ on M¯), there exists a Dα¯|N ·Zk−invariant Ho¨lder continuous
flag
{0} = E0 $ E1 $ · · · $ El = E¯mnχ
and a family of Ho¨lder continuous metrics ‖‖i within the bundles Ei/Ei+1 such that for
any v ∈ Ei/Ei+1, any b ∈ Zk,
(6.4) ‖Dα¯(Nb) · v‖i = e
mnχ(Nb) · ‖v‖i
Here α¯ is a lift of α|N ·Zk on M¯ .
Proof. Since Emnχ could be trivialized on a full µ−measure set (cf. [3], Proposition 1.2),
we could measurably identify Emn with M × R
d, where
d := dimEmnχ
Then by Zimmer’s amenable reduction theorem, cf. Corollary 1.8 of [24] or discussion in
section 4.5 of [30], there is a measurable coordinate change function C :M ×Rd → Emnχ
such that
A(x) = C(α(c) · x)−1 ·Dα(c)(x) · C(x) ∈ G
for any c ∈ Zk and µ−a.e. x, where G is an amenable subgroup of GL(d,R).
There are 2d−1 standard maximal amenable subgroups of GL(d,R), each standard group
corresponds to a composition of d,
d = d1 + · · ·+ dl
and consists of all block-triangular matrices of the form
(6.5)


A1 ∗ · · · ∗
A2 · · · ∗
. . .
...
Al


where each diagonal block is a scalar multiple of orthogonal matrix. As in section 4.5
of [30], by Theorem 3.4 of [45], each amenable subgroup of GL(d,R) has a finite index
subgroup which is contained in a conjugate of one of the 2d−1 standard groups. Therefore
(apply further measurable linear conjugacy if necessary) without loss of generality we may
assume G above has a finite index subgroup G0 which is contained in one of the 2
d−1
standard maximal amenable subgroups.
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Case 1: Firstly we consider the case that G itself is contained in a standard subgroup
of GL(d,R). Then the subbundle Vi spanned by the first d1 + · · ·+ di coordinate vectors
in Rd is G−invariant for i = 1, . . . , l. As a corollary, there is a measurable Dα−invariant
flag
{0} = E0 $ E1 $ · · · $ El = Emnχ
and a measurable coordinate change within Ei/Ei−1 such that the measurable cocycle Dα
on the bundle Ei/Ei−1 under this coordinate change is a scalar multiple of an orthogonal
matrix µ−almost everywhere. We call the measurable flag defined above and associated
measurable conformal strucutures (invariant angle function on Ei/Ei−1) the measurable
Zimmer amenable reduction for cocycle Dα|Emnχ , cf. [30] for more details. The first step
is the following lemma.
Lemma 6.11. For any i, Ei coincides with a Ho¨lder continuous subbundle µ−almost
everywhere.
Proof. The strategy to prove Ho¨lder continuity of Ei is similar to the proof of Lemma
6.9, i.e. we will use the redefining argument again. The main difference is that, rather
than applying Ruelle’s result to produce non-uniform unstable Holonomy, here we use the
non-uniform version of invariance principle, i.e. Proposition 6.7 to construct non-uniform
unstable Holonomy we need.
We denote by dim Ei = di and consider the cocycle Dα(c4)|E . By estimate (5.2),
Dα(c4)|E is uniformly fiber-bunched, and by Lemma 6.4, the stable Holonomy dh
2 along
W2 for cocycle Dα(c4)|E preserves Emnχ.
By Ho¨lder continuity of Emnχ, the Ho¨lder continuous cocycle ∧
diDα(c4)|Emnχ is well-
defined. Moreover if c4 is chosen to be sufficiently close to L, then ∧
diDα(c4)|Emnχ is also
uniformly fiber-bunched onW2 (by estimate 5.2) and has uniformly stable Holonomy along
W2. By uniqueness of Holonomy for fiber-bunched Ho¨lder continuous cocycle (Proposition
3.2) we know the stable Holonomy for ∧diDα(c4)|Emnχ is exactly ∧
di(dh2xy |Emnχ) alongW2,
i.e. for any x, y on the same local W2−leaf, we have (by b. of Proposition 3.2)
(6.6)
∧di (dh2xy|Emnχ) = limn→∞
(∧diDα(nc4)|Emnχ)(y)
−1 ◦ Iα(nc4)·x,α(nc4)·y ◦ ∧
diDα(nc4)|Emnχ(x)
where as in definition of Holonomy of fiber-bunched cocycle,
Iα(nc4)·x,α(nc4)·y : ∧
di(Emnχ)(α(nc4) · x)→ ∧
di(Emnχ)(α(nc4) · y)
is a linear identification Ho¨lder close to the identity. Moreover ∧di(dh2xy|Emnχ) is uniformly
Ho¨lder continuous in (x, y).
On the other hand, since the cocycle ∧diDα(c4)|Emnχ has coincide Lyapuonv expo-
nents within ∧di(Emnχ) with respect to the Bowen-Margulis measure µ for α(c4), by
Proposition 6.6 we know it admits non-uniformly stable and unstable Holonomies. The
non-uniform unstable Holonomy of ∧diDα(c4)|Emnχ is Ho¨lder continuous along (W ⊕
W1)loc(x) for µ−almost every x by Proposition 6.6. But by our discussion in last para-
graph we know ∧diDα(c4)|Emnχ actually admits uniform stable Holonomy alongW2 since
∧diDα(c4)|Emnχ is uniform fiber-bunched as mentioned in last parapraph. Therefore the
non-uniform stable holonomy (induced by Proposition 6.6 and equality of Lyapunov
exponents) of ∧diDα(c4)|Emnχ along W2 coincides with the uniform stable Holonomy
defined in (6.6). In the rest of the proof of Lemma 6.11 we do not distinguish the uniform
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and non-uniform stable Holonomy. In particular, the stable Holonomy is uniformly Ho¨lder
continuous in (x, y).
By Proposition 6.7 any invariant measure m on P(∧di(Emnχ)) is µ−almost surely in-
variant under stable and unstable Holonomy. Notice that each Ei can be identified with an
invariant measure m on the bundle P(∧di(Emnχ)) and the cocycle on ∧
di(Emnχ) induced
by Dα has coinciding Lyapunov exponents (with respect to the measure µ). Therefore Ei
is µ−almost surely invariant under stable and unstable Holonomy.
Now we use the redefining argument as in the proof of Lemma 6.9. Notice that as in
the proof of 6.9, the stable Holonomy is uniformly Ho¨lder continuous and well-defined
everywhere. And as in Lemma 6.9 we only need to prove Lemma 6.11 locally, i.e. for any
B(z) as in the proof of 6.9, there is a Ho¨lder continuous bundle E˜i defind on B(z) such
that E˜i = Ei µ−almost everywhere.
Recall that µ is the Bowen-Margulis measure of α(c4). By Proposition 6.6 and Propo-
sition 6.7 we know that there exists a µ−full measure set M0 such that restricted on M0,
Ei is Holonomy invariant along W2 (under ∧
didh2xy|Emnχ) on the local W2 leaves. And
for any x ∈ M0, the restriction on (W ⊕ W1(x)) ∩ M0 of Ei can be extended to be a
Ho¨lder continuous map along W ⊕W1(x) (Apply Proposition 6.6 and Proposition 6.7 to
cocycle ∧diDα(c4)|Emnχ and the invariant measure m on P(∧
di(Emnχ)) corresponding to
the subspace Ei).
Then we could find a point z0 and a full µ
W⊕W1−measure set R(z0) satisfies the same
conditions as in the proof of Lemma 6.9. The rest proof of existence for Ho¨lder extension
of Ei is the same as that of Lemma 6.9, we only need to replace dh
2 there by ∧didh2|Emnχ
here. 
By Lemma 6.11 we know, up to a modification on a µ−neglible set, Ei has a Ho¨lder
continuous extension on M , which we still denote by Ei. Then we get a Dα−invariant
Ho¨lder continuous flag
{0} = E0 $ · · · $ El = Emnχ
therefore Ei/Ei−1 are also Ho¨lder continuous vector bundles over M .
A priori the measurable conformal structure Ci (i.e. an invariant angle function on
Ei/Ei−1) on each Ei/Ei−1 induced by measurable Zimmer amenable reduction is not nec-
essary to be continuous. A remarkable fact is that each C′i can be identified with a
P(∧di−di−1Dα(c4)|Ei/Ei−1)−invariant measure on the bundle P(∧
di−di−1Ei/Ei−1). If c4 is
chosen to be close enough to L, as previous discussion, the cocycle ∧di−di−1Dα(c4)|Ei/Ei−1
is uniformly fiber-bunched over W2. Then it admits a uniform stable Holonomy on any
local W2−leaf: ∧
di−di−1(dh¯2xy|Ei/Ei−1) which depends uniformly Ho¨lder continuously on
(x, y) on the sameW2 local leaf. Again by Proposition 6.6, we know ∧
di−di−1Dα(c4)|Ei/Ei−1
admits non-uniform unstable holonomy µ−almost everywhere. In particular the unsta-
ble Holonomy is Ho¨lder continuous along (W ⊕W 1)loc(x) for µ−almost every x. Then
by Proposition 6.7 we know Ci is µ−almost surely invariant under stable and unstable
Holonomies. Therefore by mimicking the proofs of Lemmas 6.9, 6.11, we get that Ci has
an invariant Ho¨lder continuous extensions on M , which we still denote by Ci.
Case 2: Now we consider the case that that only a finite index subgroup G0 of G
is contained in a standard subgroup G1. Actually our argument for Case 2 is basically
similar to that of [30]. The basic idea to construct corresponding continuous flags and
continuous invariant conformal structures on the factor bundles for each flag. In general
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this requires to pass to a finite cover and take restriction to a finite index subgroup of Zk.
For completeness we give a proof in the appendix. 
6.7. Closing lemma and polynomial deviation. By discussions in previous sections
(passing to a finite cover and taking restriction to a finite index subgroup of Zk if neces-
sary), we have a Ho¨lder continuous Dα invariant flag {Ei} within Emnχ, and a family of
Ho¨lder continuous invariant conformal structures {Ci} on the bundles Ei/Ei−1.
In this section we prove that Dα has polynomial deviation within bundle Emnχ. The
first step is to construct a Ho¨lder continuous metric ‖ · ‖i within the bundle Ei/Ei−1 such
that for any v ∈ Ei/Ei−1, for any b ∈ Zk,
(6.7) ‖Dα(b) · v‖i = e
mnχ(b) · ‖v‖i
The proof is a closing-lemma argument which is essentially contained in section 3.2 of [29]
and in [33]. Or cf. Lemma 7.4 [15], for completeness we give an outline here.
Consider the suspension α˜ on M˜ of α, since all nontrivial elements of α are Anosov and
α is TNS, α satisfying all assumptions of Proposition 2.3. in [29]. We still denote the
natural extension of Ei/Ei−1 on M˜ by Ei/Ei−1. As in [29], we fix a smooth background
metric g0 on Ei/Ei−1. Then g0 induced a volume form ν0 on Ei/Ei−1, we defined a Ho¨lder
continuous function q as the following: for any x ∈ M˜, b ∈ Rk,
(6.8) q(x, b) := Jacν0(Dα˜(b)x|Ei/Ei−1)
Since α is totally non-symplectic, we can choose a generic singular element (i.e. it
contained in exactly one Lyapunov hyperplane) (cf. [29, 33]) a0 ∈ Rk in the Lyapunov
hyperplane L such that α˜(ta0), t ∈ R acts transitively on M˜ . Our goal is to prove the
following lemma:
Lemma 6.12. There is a Ho¨lder continuous positive function φ on M˜ such that for any
x ∈ M˜
(6.9) φ(x) · φ(α˜(a0) · x)
−1 = q(x, a0)
We give a proof of Lemma 6.12 in the appendix. Now we claim that for any x ∈ M˜, b ∈
Rk,
(6.10) φ(x) · φ(α˜(b) · x)−1 = e−dχ(b)q(x, b)
where χ is the Lypunov functional corresponding to L and d is the dimension of Ei/Ei−1.
In fact, we can define a Ho¨lder continuous volume form on Ei/Ei−1 by ν := φ ·ν0. By (6.9),
ν is invariant under the action of α˜(ta0), t ∈ R. By commutativity, α˜(b)∗ν = ψ · ν is also
an α˜(ta0)−invariant volume form on Ei/Ei−1. Since α(ta) acts transitively on M˜ , ψ is a
constant function. Notice that b acts on Ei/Ei−1 with Lyapunov exponents χ(b) (since we
already proved that α’s action is uniformly quasiconformal on Ei/Ei−1), by constancy of ψ
we get (6.10). Therefore, combining the volume form ν with the conformal structure we
got in section 6.6 on Ei/Ei−1, we easily get the Ho¨lder continuous metric we need.
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As a corollary, by a Ho¨lder continuous change of coordinates, for any b ∈ Zk the cocycle
Dα(b)|Emnχ has the form

emnχ(b) ·O1 ∗ · · · ∗
emnχ(b) · O2 · · · ∗
. . .
...
emnχ(b) · Ol


where Oi are orthogonal matrices and all the ”∗” terms are uniformly bounded. Therefore
by following lemma in linear algebra we can prove the polynomial deviation for Dα
within bundle Emnχ.
Lemma 6.13. Suppose {Ak = Bk + Ck, k ≥ 0} is a sequences of block upper triangular
square matrices (with the same form for each k), Bk and Ck are the diagonal and off-
diagonal part of Ak respectively. If ‖Ck‖ are uniformly bounded and Bk are orthogonal
matrices, then there exist C > 0 and n ∈ Z+ such that for any m ∈ Z+,
‖Am · · ·A2A1‖ ≤ Cm
n, ‖(Am · · ·A2A1)
−1‖ ≤ Cmn
Proof. Consider the full expansion of
Am · · ·A2A1 = (Bm + Cm) · · · (B1 + C1)
There are 2m terms, but by the form of Ak we know there exists n ∈ Z+ (in fact n could
be chosen as the size of Ak) such that any term in the sum which contains n+1 Cm should
be 0. Therefore
‖Am · · ·A2A1‖ ≤
(
m
n
)
· sup
k≥1
‖Ck‖
n = O(mn)
The same argument also works for ‖(Am · · ·A2A1)
−1‖ since A−1k has the same form as Ak
and the off-diagonal parts of A−1k , k ≥ 1 are uniformly bounded as well. 
In summary, we prove the Ho¨lder continuity of Emnχ and get the standard form within
Emnχ. In addition, the cocycle Dα|Emnχ has polynomial deviation.
6.8. Cone criterion, Ho¨lder continuity of Oseledec splitting and proof of The-
orem 3. Now we consider the bundles
(Emkχ ⊕ · · · ⊕ Emnχ)/(Emk+1χ ⊕ · · · ⊕ Emnχ)
for 1 ≤ k ≤ n − 1. By Lemma 6.9 we know the restriction of Dα on (Emkχ ⊕ · · · ⊕
Emnχ)/(Emk+1χ ⊕ · · · ⊕ Emnχ) is a Ho¨lder continuous cocycle with coinciding Lyapunov
exponents. Therefore, mimicking the proof of Lemma 6.11 and discussion in section 6.7
we could get similar standard form in (Emkχ⊕· · ·⊕Emnχ)/(Emk+1χ⊕· · ·⊕Emnχ) (passing
to a finite cover and taking a restriction to a finite index subgroup of Zk if necessary). In
particular the cocycle Dα on (Emkχ⊕ · · ·⊕Emnχ)/(Emk+1χ⊕ · · ·⊕Emnχ) has polynomial
deviation and the associated Lyapunov exponents are mkχ(·).
Choose b ∈ Z such that χ(b) < 0, and consider the cocycle Dα(b) on the bundle
Emn−1χ ⊕ Emnχ, notice that the speed of the action of Dα(b) on
Emn−1χ ⊕ Emnχ/Emnχ
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is uniformly exponentially faster (thanks to the standard form) than that on Emnχ, then
by cone criterion in section 2. of [13] and the proof of Lemma 5.3 of [14], we will prove
that there is a dominated splitting within Emn−1χ ⊕ Emnχ and one subspace is Emnχ.
The first step is the following lemma which implies that there is a invariant cone field
within Emn−1χ ⊕Emnχ.
Lemma 6.14. Suppose f : X → X is a homeomorphism on a compact metric space,
E is a (normed) vector bundle over X and F is a continuous (invertible) linear cocycle
E → E over f . We assume that there is a continuous splitting of E = E1 ⊕ E2 where
E1 is F−invariant. Denote by pi, i = 1, 2 the canonical linear projection from E onto Ei.
Suppose that
inf
x∈M,v2∈E2,v1∈E1,‖v2‖=‖v1‖=1
‖p2(F · v2)‖
‖F1 · v1‖
> λ > 1
Then there exist γ > 0, ǫ ∈ (0, 1) such that for the cone field
Cγ := {(v, u) ∈ E1 ⊕ E2, ‖v‖ ≤ γ · ‖u‖}
we have
Fx · Cγ(x) ⊂ C(1−ǫ)γ(f(x)).
Proof. Suppose that (ux, vx) ∈ E2(x)⊕E1(x), then we have the following matrix form for
F ,
(uf(x), vf(x)) = Fx · (ux, vx)
t =
(
A(x)
C(x) D(x)
)
· (ux, vx)
t
where
A(x) = p2 ◦ Fx|E2(x)), C(x) = p1 ◦ Fx|E2(x),D(x) := Fx|E1(x).
Moreover by the assumption of Lemma 6.14 we know
λ · ‖D(x)‖ < ‖A(x)−1‖−1 = min
u∈E2(x),‖u‖=1
‖A(x) · u‖
Then for γ sufficiently large ǫ sufficiently small, if ‖vx‖ ≤ γ · ‖ux‖ we have that
‖vf(x)‖ ≤ ‖C(x)‖ · ‖ux‖+ ‖D(x)‖ · ‖ux‖ · γ
≤ ‖C(x)‖ · ‖A(x)‖−1 · ‖uf(x)‖+ γ · ‖D(x)‖ · ‖A(x)‖
−1 · ‖uf(x)‖
≤ (λ−1γ + ‖C(x)‖ · ‖A(x)−1‖) · ‖uf(x)‖
≤ (1− ǫ)γ · ‖uf(x)‖ for γ sufficiently large and ǫ sufficiently small

Coming back to the discussion for the cocycle Dα(b) on Emn−1χ⊕Emnχ, where χ(b) < 0.
Consider the inner product on Emn−1χ⊕Emnχ by the metric onM and denote the orthog-
onal complement (Emnχ)
⊥ of Emnχ in Emn−1χ⊕Emnχ. Notice that since mn−1 < mn, the
cocycle induced by Dα(b) on Emn−1χ ⊕ Emnχ/Emnχ has growth uniformly exponentially
faster than that on Emnχ, therefore for l large enough, we could apply Lemma 6.14 with
f = α(lb), E = Emn−1χ ⊕ Emnχ, F = Dα(lb)|Emn−1χ⊕Emnχ , E1 = Emnχ, E2 = (Emnχ)
⊥
Then by classical cone criterion in the theory of hyperbolic dynamics (cf. [13]) we know
there is a unique Dα(b)−invariant distribution within Emn−1χ ⊕ Emnχ has the same di-
mension as Emn−1χ and uniformly transverse to Emnχ, and the associated splitting is
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dominated. Therefore the new invariant bundle we got should be almost surely coinciding
with the measurable invariant bundle Emn−1χ, which is the result we need.
By the theory of dominated splitting, Emn−1χ is Ho¨lder continuous, cf. [13]. Moreover
Dα has coincide Lyapunov exponents within Emn−1χ, therefore by repeating the discussion
for Emnχ we can prove that Dα has a standard form within Emn−1χ (passing to a finite
cover and taking a restriction to a finite index subgroup of Zk if necessary). Repeating
the argument above we could prove the Ho¨lder continuity of each Emkχ and within each
Emkχ, Dα preserves a standard form (passing to a finite cover and taking a restriction to
a finite index subgroup of Zk if necessary), which completes the proof of Theorem 3.
7. The pairwise jointly integrable case and the Lyapunov pinching case
7.1. Result of Brin-Manning and the proof of Theorem 6. Recall that in [8], Brin
and Manning proved that an Anosov diffeomorphism f is topologically conjugate to an
affine automorphism on an infranilmanifold if f satisfying certain “pinching” condition for
the Mather spectrum (for precise definition and more details cf. [8], [21], etc.), i.e. if the
Mather spectrum of f is contained in the union of two annuli with radii 0 < r1 < r2 < 1
and 1 < R2 < R1 <∞ where
(7.1) 1 +
lnR2
lnR1
>
ln r1
ln r2
or 1 +
ln r2
ln r1
>
lnR1
lnR2
By Theorem 3 and definition of Lyapunov pinching condition we know, if α is Lyapunov
pinching then there is an element a such that the Mather spectrum of α(a) satisfies (7.1)
4. Therefore by results of Brin and Manning we know α(a) is topologically conjugate to
an affine action on an infranilmanifold. Therefore the ambient action of α is topologically
conjugate to a Zk−action ρ by affine actions on an infranilmanifold as well. Notice that α
is TNS, then by Lemma 4.1 of [14] we know ρ is TNS as well and ρ can not has a rank-one
factor. Therefore by Corollary 1.2 in [23], M should be standard infranilmanifold. As a
result, by global rigidity of higher rank smooth Anosov action on infranilmanifold [17, 23]
we know α is smoothly conjugate to the algebraic action ρ.
7.2. Polynomial global product structure and the proof of Theorem 4. Recall
that two foliations F1,F2 have global product structure if every leaf F1(x) intersects every
leaf F2(y) in a unique point [x, y]. Moreover, for foliations F1 and F2 have global product
structure, we say they have polynomial global product structure if there is a polynomial p
such that
dF1(x, [x, y]) + dF2(y, [x, y]) < p(d(x, y))
for all x and y, where dFi are the Riemannian distances along leaves and d is the Rie-
mannian distance on the ambient manifold.
An Anosov diffeomorphism is called has (polynomial) global product structure if the
stable and unstable foliations have (polynomial) global product structure on the universal
cover.
4By polynomial deviation property in Theorem 3, there exist a finite cover M¯ of M , N ∈ Z+ such
that the Mather spectrum of the lift α¯(Na) on M¯ satisfies (7.1). Notice that the covering map is a local
isometry so the Mather spectrum of α(Na) also satisfies (7.1).
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In [20], Hammerlindl proved that an Anosov diffeomorphism is topologically conjugate
to an infranilmanifold automorphism if it has the polynomial global product structure.
The main ingredients appear in the work of Brin and Manning [6], [8].
Proof of Theorem 4. we will prove in this section that any Anosov element of α has global
polynomial product structure. Therefore by [20] the ambient action of α is topologically
conjugate to an Zk−action ρ by affine actions on infranilmanifold. Then as the proof of
Theorem 6, by [23], α is smoothly conjugate to ρ.
We fix an Anosov element f of α on M , the first step is to prove that f has a global
product structure.
Denote [0, 1] by I. Brin’s proof is basically as the following, in [5] he called the corre-
sponding mapping (or ”holonomy” in the language of our paper) of stable and unstable
manifolds W s = W s(f),W u = W u(f) can be infinitely extended if for every three points
x ∈ M,y ∈ W s(x), z ∈ W u(x), there exists a continuous mapping g from unit square I2
into M such that
(1) g(0, 0) = x, g(0, 1) = y, g(1, 0) = z.
(2) g(t, ·) is a continuous curve on a stable leaf for every fixed t ∈ I.
(3) g(·, t) is a continuous curve on a unstable leaf for every fixed t ∈ I.
Brin proved that under pinching condition (7.1), the corresponding mapping of stable and
unstable foliations can be infinitely extended. Moreover Brin showed that for any Anosov
diffeomorphism such that the corresponding mapping of stable and unstable foliations can
be infinitely extended has a global product structure.
We claim that the corresponding mapping of stable and unstable foliations of f can
be infinitely extended. The proof of is not hard. The following lemma is a corollary of
topological joint integrability of coarse Lyapunov foliations.
Lemma 7.1. For any pair of coarse Lyapunov foliations W1,W2, if we denote by W the
integrable foliation of W1 and W2, then the leaves of W1, W2 have global product structure
on each leaf of W . Moreover W has uniformly C∞−leaves which tangent to TW1⊕ TW2.
Proof. cf. [28]. 
Corollary 7.2. Under the assumptions in Theorem 4, all the coarse Lyapunov distribu-
tions are uniformly C∞.
Proof. By Journe´ lemma [25], we only need prove that for any pair of coarse Lyapunov
foliations W1 and W2, TW1 is uniformly smooth along W2. The proof is similar to that of
Proposition 5.1. By Lemma 4.1 and the proof of Proposition 5.1, we can find an Anosov
element of α which contracts W1 than it does W2. Therefore W1 is uniformly smooth
within W1 ⊕W2 (the integrable foliation of W1 and W2), which implies TW1 is uniformly
smooth along W2. 
Now we come back to the discussion of f . The following lemma is a corollary of smooth-
ness of coarse Lyapunov distributions and topological joint-integrability,
Lemma 7.3. Any direct sum of coarse Lyapunov distributions are integrable.
Proof. By smoothness of coarse Lyapunov distributions and joint-integrability we know
for any smooth vector fields X1,X2 tangent to some coarse Lyapunov distributions E1, E2
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respectively, [X1,X2] ⊂ E1 ⊕E2. Therefore for any direct sum of coarse Lyapunov distri-
butions E1 ⊕ ·⊕Ek, we pick arbitrary pair of smooth vector fields Y1, Y2 which contained
in ⊕ki=1Ei, we get
[Y1, Y2] =
∑
i,j
[Y1i, Y2j ] ⊂ E1 ⊕ · · · ⊕ Ek
here Y1i (Y2j) is the linear projection of Y1 to Ei (Ej resp.). Therefore by Frobenius
theorem we get the proof. 
Suppose that
Es(f) = ⊕Esi , E
u(f) = ⊕Eui
where all of Esi , E
u
i here are coarse Lyapunov distributions, and the associated Lyapunov
foliations are denoted by W si ,W
u
i respectively. By Lemma 7.3 we know locally for any
x, y on M we could connect them by “accessible” path, i.e. a piecewise C1 path γ from
x to y such that each C1−part of γ is contained in some coarse Lyapunov foliation. But
since f uniformly contracts W s(f), therefore the local structure of foliations on W s(f) is
the same as global structure. As a corollary we have for any x, y in the same W s(f)−leaf
there is an accessible path from x to y which is contained in W s(f, x).
For any coarse Lyapunov foliationW inW u(f), we consider the foliationsW,W⊕W s(f).
Then we have
Lemma 7.4. For every three points x ∈M,y ∈W s(x), z ∈W and continuous paths
γ1 : I →W
s(x), γ1(0) = x, γ1(1) = y; γ2 : I →W (x), γ2(0) = x, γ2(1) = z
such that γ1 is accessible, there exists a continuous mapping g from unit square I
2 into M
such that
(1) g(0, 0) = x, g(0, 1) = y, g(1, 0) = z.
(2) g(t, ·) is an accessible path on a W s(f) leaf for every fixed t ∈ I and g(0, ·) = γ1
(3) g(·, t) is a continuous curve on a W leaf for every fixed t ∈ I and g(·, 0) = γ2.
Proof. Without loss of generality we could assume γ1 : I →W
s(f, x) has the form
γ1(0) = x, γ1(1) = y, γ1([
i
n
,
i+ 1
n
]) ⊂W sk(i)(γ1(
i
n
))
for some k(i).
Consider the paths γ1|[0, 1
n
] and γ2, since W ⊕W
s
k(1) is topological a product of W and
W sk(1), we could easily find a continuous map g1 : I
2 →W ⊕W sk(1)(x) such that
(1) g1(0, ·) = γ
′
1|[0, 1
n
], g1(·, 0) = γ2
(2) g1(t, ·) (resp. g1(t, ·)) is a continuous curve on a W
s
k(1) (resp. W ) leaf for every
t ∈ I.
Similarly, consider the paths γ1| 1
n
, 2
n
and g1(·, 1), sinceW⊕W
s
k(2) is topological a product
of W and W sk(2), we could find a continuous map g2 : I
2 →W ⊕W sk(2)(γ1(
1
n)) such that
(1) g2(0, ·) = γ1|[ 1
n
, 2
n
], g2(·, 0) = g1(·, 1)
(2) g2(t, ·) (resp. g2(t, ·)) is a continuous curve on a W
s
k(2) (resp. W ) leaf for every
t ∈ I.
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Repeat the constructions above, by induction we could construct a sequence of map
gi : I
2 → M . Moreover we could easily glue them along the vertical side and get a
continuous map g : I2 →M satisfies the conditions of Lemma 7.4. 
Suppose that Lemma 7.4 holds, then consider any three points x ∈ M,y ∈ W s(x), z ∈
W u(x). We can pick an accessible path γ : I →W u(x) such that
γ(0) = x, γ(1) = z, γ([
i
n
,
i+ 1
n
]) ⊂W uk(i)(γ(
i
n
))
for some k(i). Choose an arbitrary accessible path γ′ from x to y, then apply Lemma 7.4
with γ1 = γ
′, γ2 = γ|[0, 1
n
],W = W
u
1 we get a continous map g0 : I
2 → M satisfying all
the conditions in Lemma 7.4. Now we apply Lemma 7.4 again with γ1 = g0(1, ·), γ2 =
γ|[ 1
n
, 2
n
],W = W
u
2 we get a continuous map g1 : I
2 → M . Repeat the arguments above,
by induction we could construct a sequence of map gi, we can easily glue them along
the vertical side and get a continuous map g : I2 → M such that g(0, 0) = x, g(0, 1) =
y, g(1, 0) = z and g(t, ·) (resp. g(·, t)) is a continuous curve on a (un)stable leaf for each t.
By Brin’s result [5], f has a global product structure.
Now we prove f has a polynomial global product structure. The first step is the following
estimate.
Lemma 7.5. For any C > 0, n > 0 large enough, we have for any x ∈M , any two coarse
Lyapunov foliations W1,W2, y ∈ W2(x), dW2(x, y) = R > 0, if we denote the holonomy
along W2 between W1 leaves by h, then
‖dhxy‖ ≤ C(max(lnR, 0)
n + 1)
Proof. Without loss of generality we could work on M˜ . By smoothness of coarse Lyapunov
foliations, there exists ǫ > 0 such that for any x ∈ M , y ∈ W2(x), dW2(x, y) ≤ ǫ, we have
‖dhxy‖ ≤ 2.
Now we pick a norm one element b ∈ Rk in the hyperplane corresponding to W1 and
uniformly contracts W2. We denote by T ∈ Z+ the minimal non negative integer number
such that dW2(α˜(Tb) · x, α˜(Tb) · y) < ǫ, then
(7.2) T <
{
lnR−ln ǫ
lnλ + C1 if R > ǫ
1 if R ≤ ǫ
where λ > 1 corresponds to the contracting rate of b onW2 and C1 is a uniformly bounded
error term coming from the rate of different metrics.
Notice that
dhxy = Dα˜(−Tb)|E1(α˜(Tb)·y) ◦ dhα˜(Tb)·x,α˜(Tb)·y ◦Dα˜(Tb)|E1(x).
By Theorem 3 we know
‖Dα˜(Tb)|E1(x)‖, ‖Dα˜(−Tb)|E1(α˜(Tb)·y)‖ ≤ C
′(T + 1)n
′
for some C ′, n′ > 0 Therefore
‖dhxy‖ ≤ 2C
′2(T + 1)2n
′
≤ C(max(lnR, 0)n + 1) for some C,n large enough (by (7.2))
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The following is a polynomial estimate within W s, similar estimate also holds for W u.
Lemma 7.6. For any C > 0, l > 0 large enough we have that, for any x ∈M,y ∈W s(x)
with dW s(x, y) = R, there exists a piecewise C
1−path γ : I →W s(x) such that
(7.3) γ(0) = x, γ(1) = y, γ([
i
n
,
i+ 1
n
]) ⊂W si
and each segment γ([ in ,
i+1
n ]) has length less than C(R
l + 1).
Proof. By smoothness of foliations and Lemma 7.3 we know there exist ǫ > 0 such that for
any geodesic γ0 inW
s(with respect to the metric dW s) with length less than ǫ, there exists
C1 > 0 such that we could find a continuous path γ1 with γ1(0) = γ0(0), γ1(1) = γ0(1)
and satisfies the same condition in (7.3), moreover each segment γ0([
i
n ,
i+1
n ]) has length
smaller than C1 · length(γ0).
Without loss of generality we could assume R in the statement of Lemma 7.6 larger
than max(ǫ, 1) (otherwise we can pick γ and C large such that length(γ([ in ,
i+1
n ])) <
C
n )
and we denote by T the smallest integer number such that dW s(f
n(x), fn(y)) < ǫ. Then
as in the proof of Lemma 7.5, we have T < lnR−ln ǫlnλ + C2 for some C2 large enough and
λ > 1 corresponds to the slowest contracting rate of df |W s .
Now by previous discussion we know there exists a piecewise C1 path γ1 such that
γ1(0) = f
T (x), γ1(1) = f
T (y), γ1([
i
n ,
i+1
n ]) ⊂ W
s
i and length(γ1([
i
n ,
i+1
n ])) ≤ C1ǫ, then
f−T (γ1) satisfies all conditions in (7.3), and
length(f−T (γ1)) ≤ n · C1ǫ · ‖df
−1‖T
≤ O(e(
lnR−ln ǫ
lnλ
+C2)·ln ‖df−1‖)
≤ O(R
ln ‖df−1‖
lnλ )
≤ C · Rl if C, l large enough.

Now we come back to the proof that f has polynomial global product structure.
Lemma 7.7. There exists C > 0 large enough such that for any x, y ∈ Mˆ (the universal
cover of M), if we denote dMˆ (x, y) by R, we have
(7.4) dW s(x, [x, y]), dWu([x, y], y) < C(R
2 + 1)
Proof. We will determine the largeness of C later in the proof. Suppose (7.4) is not true,
then by compacticity of M and continuity of foliations we could find x, y ∈ Mˆ , such that
dW s(x, [x, y]), dWu([x, y], y) ≤ C(R
2 + 1)
and one of it is equal to C(R2 + 1), where R := dMˆ (x, y). In addition we could assume
that for any point z on the geodesic γ from x to y, we have
(7.5) dW s(z, [z, y]), dWu ([z, y], y) ≤ C(R
2 + 1)
By continuity of W s and W u, for n large enough, there exists a constant C0 does not
depend on γ and n satisfies the following properties: we denote γ( in) by xi, then for any
i we have
(7.6) max(dW s(xi, [xi, xi+1]), dWu([xi, xi+1], xi+1)) ≤ C0dMˆ (xi, xi+1)
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Therefore
(7.7)
∑
i
dW s(xi, [xi, xi+1]) ≤ C0 ·R
The key to prove (7.4) is to control the size of dW s([x, xi], [x, xi+1]). Denote the global
holonomy along W u foliation between two W s leaves on Mˆ by hu. Consider the geodesic
γsi with respect to dW s from xi to xi+1, then
(7.8) dW s([x, xi], [x, xi+1]) ≤ length(h
u
xi,[x,xi]
· γsi ) ≤ dW s(xi, [xi, xi+1]) · sup
z∈γsi
‖dhuz,[x,z]‖
By (7.5) we know, without loss of generality, we can assume n and R are large enough
5 such that for any z ∈ γsi , cf. Lemma 2 in [5],
(7.9) dWu(z, [x, z]) ≤ 2C(R
2 + 1)
Then by the unstable version of Lemma 7.6, there are constants C1, l1 > 0 such that for
any z ∈ γsi there is a piecewise C
1 unstable path γuz : I →W
u(z) such that
(7.10) γuz (0) = z, γ
u
z (1) = [x, z], γ
u
z ([
i
k
,
i+ 1
k
]) ⊂W ui
and for each i we have
(7.11) length(γuz ([
i
k
,
i+ 1
k
]) ≤ C1(R
l1 + 1)
Therefore there exists C2 and l2 large enough which do not depend on the choices of
x, y, xi, z such that for any z ∈ γ
s
i , any coarse Lyapunov distribution E
s
j within W
s, we
have
‖dhuz,[x,z]|Esj ‖ = ‖dh
u
γuz (
k−1
k
),γuz (1)
◦ · · · ◦ dhu
γuz (0),γ
u
z (
1
k
)
|Esj ‖(7.12)
≤
k∏
i=1
‖dhu
γuz (
i−1
k
),γuz (
i
k
)
|Esj ‖ we use joint integrability here
≤ C2(max(lnR, 0)
l2 + 1) by Lemma 7.5 and (7.11)
≤ C2((lnR)
l2 + 1) (we can assume here R > 1)
By continuity of coarse Lyapunov distributions we know the angles between any pair of
subspaces
⊕j∈JE
s
j ,⊕j∈J ′E
s
j , J ∩ J
′ = ∅
is uniformly bounded away from 0. Therefore by (7.12) we know there exists C3 > 0 which
does not depend on the choice of x, y, z such that
(7.13) ‖dhuz,[x,z]‖ ≤ C3(lnR)
l2 + 1)
5For R not big, we could choose C in (7.4) large enough such that (7.4) holds.
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Compare (7.13) with (7.8), (7.7) we have∑
i
dW s([x, xi], [x, xi+1])
≤
∑
i
dW s(xi, [xi, xi+1]) · sup
z∈γsi
‖dhuz,[x,z]‖ by (7.8)
≤ C3((lnR)
l2 + 1) ·
∑
i
dW s(xi, [xi, xi+1]) by (7.13)
≤ C3C0 ·R((lnR)
l2 + 1) by (7.7)
≤ C(R
3
2 + 1) for C large
As a corollary, we have that
dW s(x, [x, y]) ≤
∑
i
dW s([x, xi], [x, xi+1]) < C(R
2 + 1)
here without loss of generality we assume that R > 1. By the same method, we can
also prove that dWu([x, y], y) < C(R
2 + 1), which contradicts with our choice of x, y. In
summary we could find C large enough such that (7.4) holds on Mˆ . 

8. Resonance free case
In this section we prove Theorem 5. Passing to a finite cover and taking restriction to
a finite index subgroup of Zk if necessary we could assume all the properties in Theorem
3 holds for M and α. Resonance free condition and TNS condition implies there is no
proportional Lyapunov functionals. Therefore coarse Lyapunov splitting of Dα on TM is
actually Oseledec splitting. By Theorem 3 we know Dα has polynomial deviation with
each coarse Lyapunov distribution.
8.1. Smoothness of Lyapunov foliations. The first step is the smoothness of coarse
Lyapunov distribution. The basic idea is to use Cr section theorem in [21] and Weyl
chamber picture for resonance free action, which is similar to [29] and section 5.3 of [14].
For later use we give an outline here.
We consider a generic two-dimensional subspace P in Rk such that P intersects each
Lyapunov hyperplanes along distinct lines. In addition, since α is resonance free, P can
be chosen such that for any b ∈ kerχ1 ∩ P − {0}, χi(b) 6= χj(b) for any χi 6= χj . For any
Lyapunov functional χj, we denote by Ej the corresponding Lyapunov distribution, Hj
the Lyapunov half space such that χj on Hj is negative. Hj := Hj ∩ P is the half-plane
in P . Now we reorder these halfplanes counterclockwisely such that H1 is the half space
corresponding to E1. Then by TNS condition there exists a unique i > 1 such that
∩1≤j≤iHj ∩ ∩j′>i −Hj′ 6= ∅
For any element a ∈ ∩1≤j≤i −Hj ∩ ∩j′>iHj′, by our assumption of i,
⊕1≤j≤iEj = E
u
a
Then ⊕1≤j≤iEj is uniformly C
∞ along W ua and in particular along W
1.
CLASSIFICATION OF ABELIAN ACTION 33
We choose a unit vector b ∈ kerχ1 ∩ P such that b ∈ Hj for any 2 ≤ j ≤ i. By our
choice of P we know for any j′, j′′ ≥ l+1, χj′(b) 6= χj′′(b). Therefore we could reorder the
indices 1, . . . , i by ji, ji−1, · · · , j1 such that
χji(b) < · · · < χj2(b) < χj1(b) = 0
We consider the following corollary of Cr−section theorem in [21], or cf. Corollary 5.6
in [14].
Lemma 8.1. Let f be a C∞ diffeomorphism of a compact smooth manifold M . Let W
be an f−invariant topological foliation with uniformly C∞−leaves and ‖Df |−1TW (x)‖ := αx
for all x ∈M . Let E1 and E2 be continuous f-invariant distributions on M such that the
distribution E = E1⊕E2 is uniformly C∞ along W and E1⊕E2 is a dominated splitting
in the sense that for any x ∈M ,
kx :=
maxv∈E2(x),‖v‖=1 ‖Df(v)‖
minv∈E1(x),‖v‖=1 ‖Df(v)‖
< 1
If supx∈M kxα
r
x < 1. Then E
1 is uniformly Cr along the leaves of W .
We consider an arbitrary m, 1 < m < i and apply Lemma 8.1 to f = α˜(b),W =
W 1, E1 = ⊕ms=1Ejs , E
2 = ⊕is=m+1Ejs . Notice that by polynomial deviation estimate in
Theorem 3 we have
‖Dα˜(b)|−1
TW (x)
‖ = ‖Dα˜(b)|−1
Eχ1 (x)
‖ ≤ O(‖b‖L) for ‖b‖ large and some L > 0.
‖Dα˜(b)(v)‖ ≥ O(eχjm (b
′)) for any unit vector v ∈ E1.
‖Dα˜(b)(v)‖ ≤ O(‖b‖L · eχjm+1 (b))
for any v ∈ E2, ‖v‖ = 1 and some L > 0.
Then take b such that ‖b‖ large enough, by Lemma 8.1 (if necessary we could replace b by
nb for n large) we know E1 = ⊕ms=1Ejs is uniformly C
∞ along the leaves of W 1 for any
m < i.
Similarly by considering −b, we have ⊕is=m+1Ejs is uniformly C
∞ along the leaves of
W 1 for any m < i. Therefore by taking intersection, Em is uniformly C
∞ along W 1 for
any m ≤ i.
Consider the halfplanes {−Hl}, mimick the proof above we get for any j ≥ i, Ej is
uniformly C∞ along W 1. The same proof holds for any W k. Then by Journe´ Lemma we
get the smoothness of Ei.
8.2. Construction of a smooth invariant connection. Now we claim that there is
a global α−invariant smooth connection on M . If it holds then by a rigidity result by
Benoist, Labourie [4] we could conclude that α is smoothly conjugate to an affine action
on an infranilmanifold. Then as in the section 3.3 in [29] we can easily prove that this
infranilmanifold is finitely covered by a torus.
Firstly we list several useful properties of non-stationary linearization for smooth dif-
feomorphisms on contracting foliations, under a pointwise 1/2−pinching assumption, see
[51, 28] for more details.
Let f be a C∞ diffeomorphism of a compact smooth manifold M , and let W be a
continuous invariant foliation with C∞ leaves which is contracted by f , i.e. ‖Df |TW‖ < 1
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in some Riemannian metric. Moreover we assume that there exist C > 0 and γ < 1 such
that for all x ∈M and n ≥ 0,
‖(Dfn|TxW )
−1‖ · ‖Dfn|TxW‖
2 ≤ Cγn.
Then for every x ∈M there exists a C∞ diffeomorphism Hx :Wx → TxW such that
(1) Hfx ◦ f ◦ H
−1
x = Df |TxW ,
(2) Hx(x) = 0 and DxHx is the identity map,
(3) Hx depends continuously on x ∈M in C
∞ topology.
(4) Such a family Hx is unique and depends smoothly on x along the leaves of W ,
(5) The map Hy ◦H
−1
x : TxW → TyW is affine for any x ∈M and y ∈Wx. Hence the
non-stationary linearization H defines affine structures on the leaves of W .
Then the non-stationary linearization H defines affine structures on the leaves of W ,
Moreover it is a linearization for any diffeomorphism g commutes with f , i.e.
H ◦ g = Dg ◦ H
As mentioned above, each Lyapunov distribution is actually a coarse Lyapunov distri-
bution hence integrable. By Theorem 3 we know for any Lyapunov distribution E and its
integral Lyapunov manifold W , for any a ∈ Zk contracts E, the cocycle Dα(a)|E satisfies
pointwise 12−pinching condition above, there therefore there is a unique α−invariant affine
structure on W , i.e. for every x ∈ M there exists a C∞ diffeomorphism Hx : Wx ∈ TxW
satisfies properties of non-stationary linearization we mentioned above.
Now we consider the leafwise flat connection ∇E alongW induced by the affine structure
onW . Obviously the parallel transport induced by ∇E on E over W is exactly the parallel
transport induced by the affine structure: Hy ◦ H
−1
x for any x ∈ M and y ∈ M . A priori
∇E is uniformly smooth along W but only continuous on ambient M .
Lemma 8.2. ∇E is smooth on M .
Proof. Our strategy to prove the smoothness of ∇E is the following: a priori ∇E is only
defined leafwisely, i.e. for a path γ not contained in W , the parallel transport Γ(γ) of
connection ∇E is not well-defined. We will extend ∇E to a new smooth connection ∇˜E of
the bundle E over ambient M by considering suitable Holonomies. Therefore ∇E as the
restriction of ∇˜E on W is also smooth on M .
We consider the parallel transport Hxy := Hy ◦H
−1
x induced by ∇E . We slightly abuse
the notation Hxy here because the parallel transport in fact coincides with the Holonomy
of the fiber-bunched cocycle Dα(a) along W . 6 The reason is that for any a contracts E,
for any x ∈M,y ∈Wx
Hxy = Dα(−na) ◦Hα(na)·x,α(na)·y ◦Dα(na)
and H is uniformly C1 along W . Therefore along W we know Hxy coincides with the defi-
nition formula in Proposition 3.2 (Hα(na)·x,α(na)·y can be viewed as the linear identification
from Eα(na)·x to Eα(na)·y which uniformly Ho¨lder close to the identity).
For fixed E,W , we apply Proposition 5.1 to E, then we get the associated splitting
TM = E1 ⊕ E ⊕ E2, foliations W1,W2,W ⊕W1,W ⊕W2 and elements ci satisfy all the
conditions in Proposition 5.1. Then we have
6Since W subfoliates W sa , we could freely define the Holonomy map along W
s
a , hence W .
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Lemma 8.3. The parallel transport Hxy : Ex → Ey, y ∈ Wx is uniformly smooth when
x, y moves along W1. Similar property holds for W2.
Proof. For fixed x ∈ M,y ∈ Wx, we take arbitrary x
′ ∈ W1(x), y
′ ∈ W1(y) such that y
′ ∈
Wx′ . Pick ci as in Proposition 5.1 and sufficiently close to the hyperplane L corresponds
to E. As in section 6.2 we denote by Hjci,x,y the stable Holonomy for cocycle Dα(ci)|E
along Wj , h
i the holonomy map along Wi between two W leaves. And we denote by
Hsci,x,y the stable Holonomy for Dα(ci)|E along W
s
ci . Then by Lemma 6.2 and uniqueness
of Holonomy for cocycles (Proposition 3.2) we have that
Hx′y′ = H
s
c1,x′,y′ (H coincides with the Holonomy of Dα(a) along W )
= Hsc1,y,y′ ◦H
s
c1,x,y ◦H
s
c1,x′,x (since x
′, y′, x, y ∈W sc1)
= H1c1,y,y′ ◦Hxy ◦H
1
c1,x′,x (by definition)
= dh1yy′ ◦Hxy ◦ dh
1
x′x (by Lemma 6.2)
But dh1yy′ , dh
1
x′x (uniformly) smoothly depend on x
′, y′ for fixed (x, y), therefore we get
that Hxy depends on (x, y) (uniformly) smoothly when x, y moves along W1 ×W1. 
By the proof of Lemma 8.3, we know Hsc1,x,y, x, y ∈ W ⊕W1 (or W ) actually induces
the smooth integrable horizontal sections H0,1 (H0 resp.) of bundle E over W ⊕W1 (W
resp.), i.e. for any x ∈ M,v ∈ Ex, the image of H
s
c1,x,·(v) on W ⊕W1 is the horizontal
integrable section H0,1 passing through v. For smoothness, H0 in fact defined from the
parallel transport H induced by ∇E, therefore H0 is smooth along W . For H0,1, notice
that Hsc1 coincides with dh
1 (H) along W1 (W respectively). Then by Journe´ Lemma
we know the image of Hsc1,x,·(v) on W ⊕W1 is smooth. Integrability is directly from the
definition of Holonomy.
Similarly we could define the smooth integrable horizontal sections H0,2 (H2) induced by
Hsc2 of bundle E over W ⊕W2 (W2 respectively). By uniqueness of Holonomy (Proposition
3.2) we know H0,2 coincides with H0,1 and H0 along W . We denote by E˜, E˜0,1, E˜2 the
tangent spaces ofH0,H0,1,H2 respectively. SupposeE1 = ⊕E1i, E = ⊕E2j , where E1i, E2j
are coarse Lyapunov distributions and W1i,W2j are corresponding Lyapunov foliations.
As above we could define the smooth integrable horizontal sections H1i (H2j) induced
by Hsc1 (H
s
c2 resp.) over W1i (W2j resp.). We denote by E˜1i, E˜2j the tangent spaces of
H1i,H2j respectively. Then E˜0,1 = E˜ ⊕⊕iE˜1i, E˜2 = E˜2j .
Our goal is to prove the following lemma,
Lemma 8.4. The distributions E˜, E˜1iE˜2j are smooth on M .
If Lemma 8.4 holds, since the parallel transport of ∇E alongW is in fact the translation
through H0, therefore we get the smoothness of ∇E from the smoothness of E˜ ......H0.
Proof of Lemma 8.4. In fact the proof here is similar to the proof of Proposition 5.1 in
[14] and discussion in section 8.1. We view Dα|E as a skew product system over α on M
where fiber is E. H0,H1i,H2j are Dα|E−invariant foliations which can be viewed as the
lifts of the foliations W,W1i,W2j from the base to the fiber bundle.
So our goal is to prove the smoothness of the Dα|E−invariant foliations H0,H1i,H2j or
their tangent spaces E˜, E˜1i, E˜2j . Notice that these foliations are induced from Holonomies.
By linearity of Holonomies we know
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Fact 1 H0,H1i,H2j (hence E˜, E˜1i, E˜2j) are smooth along the fiber E.
By Theorem 3 we know up to a subexponential factor bounded by some polynomial,
α(E) contracts (or expands) W,W1i,W2j (hence E,E1i, E2j) with uniform exponential
speed. The contracting rate is exactly the Lyapunov functional associated to the foliation.
By property (4). of Holonomies in Proposition 3.2, it is easy to see thatDα|E also contracts
(or expands) H0 with the same rate as W . Similar properties also hold for H1i,H2j. In
particular,
Fact 2 For Zk−action Dα|E on the fiber bundle E over M , the associated Lyapunov dis-
tributions are E˜, E˜1i, E˜2j . The associated Lyapunov functionals of E˜ (or E˜1i, E˜2j
resp.) are the same as the Lyapunov functionals associated to E (or E1i, E2j
resp.) of α, moreover for Dα|E we have similar polynomial deviation property as
in Theorem 3 on E˜, E˜1i, E˜2j .
Now we only need to prove that
Claim E˜ (or E˜1i, E˜2j) is uniformly smooth along H0,H1i′ ,H2j′ for any i, j, i
′, j′.
If the claim is true, then by inductive application of Journe´ Lemma we know E˜1i, E˜2j , E˜
are smooth distributions since they are smooth along the vertical fiber E.
As in section 8.1, we considering a generic plane P in Rk such that P intersects each
Lyapunov hyperplanes along distinct lines and for any b ∈ kerχ1 ∩ P − {0}, χi(b) 6= χj(b)
for any χi 6= χj; we could define Hj ,Hj, χj similarly; moreover we could reorder these
halfplanes counterclockwisely as in section 8.1. In particular, we rewrite the distributions
in E˜, E˜1i, E˜2j and the associated foliations H0,H1i,H2j by new symbols
(8.1) L1, . . . , Lj , . . . ; F1, . . . , Fj , . . .
where Lj (Fj) is the distribution (foliation) in E˜, E˜1i, E˜2j (H0,H1i,H2j) corresponding to
the halfplace Hj.
Then by TNS condition again there exists unique i such that
∩1≤j≤iHj ∩ ∩j′>i −Hj′ 6= ∅
Again we pick any element a ∈ ∩1≤j≤iHj ∩ ∩j′>i −Hj′ , then the unstable distribution
of the cocycle Dα(a)|E is ⊕1≤j≤iLj. As a result, ⊕1≤j≤iLj is smooth along ⊕1≤iFj which
is the integral foliation of ⊕1≤j≤iLj. In particular, ⊕1≤j≤iLj is smooth along F1.
Then as in section 8.1 we could pick b ∈ ∩2≤j≤iHj ∩kerχ1∩P and then further reorder
the indices 1, . . . , i by ji, . . . , j1 such that χji(b) < · · · < χj1(b) = 0. Then by the same
argument as in section 8.1 we could prove that ⊕ms=1Ljs (thanks to polynomial deviation)
is uniformly smooth along the leaves of F1 for any m < i. Similarly by considering −b
we have ⊕is=m+1Ljs is uniformly smooth along the leaves of F1 for any m < i. Therefore
by taking intersection, Lm is uniformly smooth along F1 for any m ≤ i. By considering
the halfplanes {−Hl} we could get for any j ≥ i, Lj is uniformly smooth along F1. The
same proof also holds for any Fk. Then by Journe´ Lemma we know each Lj is a smooth
distribution on the fiber bundle E over M . 

We collect all of these ∇i := ∇Ei together for all Lyapunov distributions E
i and define
a new connection ∇ on TM in a canonical way:
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∇XY :=
∑
i
∇iXiY
i +
∑
i 6=j
Πj[X
i, Y j ]
where Πj is the projection onto E
j with respect to the coarse Lyapunov splitting. Since
∇i, Ei are α−invariant and smooth, so is ∇. Therefore for by the discussion in the
beginning of this section we know a finite cover of α is smoothly conjugate to affine maps
on a torus.
Appendix A. Proof of Case 2 of Lemma 6.10
Proof. As in section 4.5 of [30], we consider the flag of subspaces V i spanned by the first
ni = d1 + · · ·+ di coordinate vectors in Rd, i = 1, . . . , l. Here di and d are defined as case
1. Consider G∗ which is the stablizer of this flag in G. Then G∗ contains G0 and therefore
we could assume G∗ is of finite index k in G. The orbit of this flag under G consists of k
distinct flags in Rd which we denote by
(A.1) W j = {V j,1 $ · · · $ V j,l = Rd}, j = 1, . . . , k
Then any g ∈ G permutes these flags and preserves their union. Without loss of generality
we could assume k ≥ 2.
For i = 1, . . . , l − 1, the subspaces V j,i have dimension ni. Since some of them may
coincide, so we denote by ki the number of distinct one. We set U
(i) := V 1,i ∪ · · · ∪ V k,i.
Then as in Case 1, U (i) corresponds to aDα−invariant measurable family {U
(i)
x }x∈M where
U
(i)
x depends measurably on x and is a union of ki distinct ni−dimensional subspaces of
Emnχ.
As in Case 1, {U
(i)
x }x∈M could be identified with a ∧
di(Dα(c4))|mnχ−invariant measure
m on the bundle P(∧di(Emnχ)); the cocycle ∧
di(Dα(c4))|mnχ is has coincide Lyapunov ex-
ponents within ∧di(Emnχ). In addition ∧
di(Dα(c4))|mnχ admits uniform stable Holonomy
along W2 and non-uniform unstable Holonomy along W ⊕W1. Then by Proposition 6.7
m is µ−almost surely invariant under stable and unstable Holonomy. Therefore mimicking
the proofs of Lemmas 6.9, 6.11, we know the family {U
(i)
x }x∈M coincides with a Ho¨lder
continuous family µ− a.e., which we still denote by U (i).
Without loss of generality we could assume α has a fixed point q on M (otherwise
we consider the restriction of α on a finite index subgroup of Zk). As in section 4.5 of
[30], there is a normal subgroup Hq of π1(M, q) such that on the finite cover M¯ of M
corresponding to Hq, the lift U˜
(i) of U (i) extends to Ho¨lder continuous ni−dimensional
subbundles U˜1,i, . . . , U˜ki,i for each i. Moreover for any lift q˜ of q, there exists a unique lift
α¯ of α on M¯ such that q˜ is an α¯−fixed point 7.
Obviously now α¯ preserves the union U˜ (i) of subbundles U˜1,i, . . . , U˜ki,i for each i. By
continuity of these subbundles there existsN ∈ Z+ such that the cocycle Dα¯|N ·Zk preserves
every subbundle U˜ j,i. Moreover by the discussion in [30], we could even arrange these
subbundles U˜ j,i into the Dα¯|N ·Zk−invariant flags W˜
1, . . . , W˜k (which corresponding to
7In fact the argument here is just a special case of section 4.5 in [30], which also works for general
cocycles. Here we only consider the derivative cocycle.
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W 1, . . . W k in Rd). 8 We fix one of these flags and denote it by
W˜ : {0} = E0 $ E1 $ · · · $ El = E¯mnχ
where E¯mnχ is the lift of Emnχ on M¯ .
It remains to show in each factor bundle Ei/Ei−1 there is a continuous conformal struc-
ture invariant under the cocycle induced by Dα¯|N ·Zk . The proof is the same as in [30].
Recall that before lifting to M¯ , up to a measurable coordinate change the cocycle Dα|N ·Zk
is taking values in G ⊂ GL(d,R). G∗, Vi are defined as the beginning of this section. Any
matrix A in G0 preserves the subspaces Vi and the standard conformal structure σ on
Rdi ∼= V i/V i−1. The orbit of σ under the stablizer G∗ of the flag is a finite set O in
the space of conformal structures on Rdi (for more details for the space of conformal
structures cf. [53], [30]). Since G∗ preserves O, then G∗ preserves the center σ∗ of the
smallest ball containing O, which is unique in the space of conformal structures. We
push σ∗ by the action of G. Then we obtain the conformal structures σj on the factors
V j,i/V j,i−1 of the flags W j. Therefore for any g ∈ G, if g maps W j to W j
′
then the
factor map g¯ : V j,i/V j,i−1 → V j
′,i/V j
′,i−1 takes σj to σj′. By the construction of W˜ we
know (up to a measurable coordinate change) W˜ corresponds to one of the flagW j almost
everywhere. Therefore σj on V
j,i/V j−1,i corresponds to a measurable Dα¯|N ·Zk−invariant
conformal structure τ on Ei/Ei−1. As in Case 1, τ could be identified with a probability
measure on P(Ei/Ei−1) which is invariant under the action induced by Dα¯|N ·Zk . Since the
covering map is a local isometry, we have that Dα¯(Nc4)|Ei/Ei−1 has coincide Lyapunov
exponents in Ei/Ei−1 with respect to µ˜ (the lift of µ on M¯). Moreover we could assume
that Dα¯(Nc4)|Ei/Ei−1 admits uniform stable Holonomy along W2 and non-uniform unsta-
ble Holonomy W ⊕W1 as in Case 1 (if necessary we could pick c4 sufficiently close to the
Weyl chamber wall). Therefore by previous redefining argument we know τ coincides with
a Ho¨lder continuous conformal structure on Ei/Ei−1 µ˜−a.e. which we still denote by τ ,
obviously τ is Dα¯|N ·Zk invariant, which completes the proof of Lemma 6.10.
In summary, our proof for Case 2 is basically the same as section 4.5 in [30]. The
main difference is that here we use our non-uniform redefining argument (rather than
the uniform one in [30]) to prove the existence of Ho¨lder continuous extension of the
dynamically-defined objects. 
Appendix B. Proof of Lemma 6.12
Proof. The proof is basically the same as section 3.2 of [29]. For completeness we give
a proof here. By transitivity of {α˜(ta0)}, we pick a point x
∗ with dense orbit O∗ =
{α˜(ta0) · x
∗}. We choose
φ(α˜(ta0) · x
∗) := q(x∗, ta0)
−1
Then by the construction we know φ satisfies (6.9) on O∗. Then as in section 3.2 of [29],
to extend φ on whole M˜ in a Ho¨lder continuous way, we only need to prove there exist
8In [30] to arrange U˜j,i we need the ergodicity of µ˜ which is the lift of the measure on the finite cover.
In our setting the ergodicity is coming from that µ˜ is the lift of Bowen-Margulis measure of an Anosov
diffeomorphism hence it is still a Bowen-Margulis measure of the lifted diffeomorphism (since holonomy-
invariance of conditional measure on (un)stable foliations is a local property). Then (by Hopf-argument)
the Bowen-Margulis measure should be ergodic.
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ǫ0,K > 0 such that for any x ∈ O
∗, t > 0, if dist(x, α˜(a) · x) < ǫ0 for some x ∈ M˜ and
a = ta0 with t > 0, then
(B.1) ‖ log q(x, a)‖ < K · dist(x, ax)β
Here β is the Ho¨lder exponent for the bundle E and Ei−1, Ei. We need the following lemma.
Lemma B.1 (Lemma 3.6 of [29]). Let W be a coarse Lyapunov foliation and E = TW .
Let a0 be a generic singular element in the corresponding Lyapunov hyperplane. Then there
exist positive constants ǫ0, C, λ such that for any x ∈ M˜ and a = ta0 with dist(x, α˜(a)·x) =
ǫ < ǫ0, there exist a y ∈ M˜ and a δ ∈ Rk such that
(1) dist(x, y) < Cǫ;
(2) α˜(a+ δ) · y ∈W (y);
(3) ‖δ‖ < Cǫl
(4) dist(α˜(sa0) · x, α˜(sa0) · y) < Cǫe
−λmin{s,t−s} for any 0 ≤ s ≤ t;
(5) ‖ log q(x, a)− q(y, a)‖ < Cǫβ, where q is defined in (6.8).
Proof. The proof of inequalities (1), (2), (3), (4) of Lemma B.1 are exactly the same as
that of Lemma 3.6 in [29]. Although the definition of q here is slightly different from that
of in [29], but as in [29], (5). could be proved from the standard estimate for a Ho¨lder
contraction coefficient along exponentially close orbits. 
We come back to the proof of Lemma 6.12. Our notation is as in Lemma B.1. Let
b = a+ δ, since δ is small we have | log q(y, a)− log q(y, b)| < C1ǫ. Then by (5). of Lemma
B.1 we have | log q(x, a) − log q(y, b)| < C2ǫ
β. Therefore to prove (B.1) we only need to
show that
(B.2) | log q(y, b)| < C3ǫ
β
As in [29], we take an Anosov element c contracts W , and pick y∗ := lim α˜(tnc) · y to
be an accumulation point of the c−orbit of y. Then we have b(y∗) = y. In fact since
α˜(b) ·y ∈W (y) ⊂W sc (y) we have α˜(b) ·y∗ = lim α˜(b)(α˜(tcn) ·y) = lim α˜(tnc)(α˜(b) ·y) = y∗.
Our goal is to prove the following estimate which imply (B.2).
(1) q(y∗, b) is close to 1.
(2) q(y∗, b) is close to q(y, b).
Since δ is small, we could assume that b is not contained in any Lyapunov hyperplane
except possibly for the Lyapunov hyperplane L corresponding to W .
• If b ∈ L, we claim that q(y∗, b) = 1. If it is not the case, since y∗ is α˜(b) fixed point
and Ei(y∗), Ei−1(y∗) are Dα˜(b)−invariant, we have that q(y∗, tb) = q(y∗, b)
t, hence
q(y∗, tb) will tend to ∞ or 0 exponentially fast, which contradicts with Lemma
4.19.
• If b /∈ L, then by Proposition 3.1 we know b is regular and hence Anosov. As
[29], by [48] we know the orbit α˜(Rk) · y∗ of its fixed point y∗ is compact; the
Lyapunov exponents and the Lyapunov splitting are defined everywhere on this
compact orbit. By Lemma 6.11 we know α˜ preserves a Ho¨lder continuous conformal
structure within Ei/Ei−1, hence there is only one Lyapunov exponent on this orbit.
9Exponential growth (or decrease) of q(y∗, tb) implies Dα˜(b)|E(y∗) has an eigenvalue with norm not
equal to 1, which contradicts with Lemma 4.1
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We denote this exponent by χ˜. Since a ∈ L, by Lemma 4.1 we know χ˜(a) = 0,
then
|χ˜(b)| = |χ˜(a) + χ˜(b)| = |χ˜(δ)| < C4‖δ‖ < C5ǫ
But since y∗ is a fixed point for α˜(b), then χ˜(b) is actually the logarithm of eigen-
values of α˜(b) at y∗, hence we get
(B.3) | log q(y∗, b)| < C
′
5ǫ
Therefore in both cases b ∈ L or b /∈ L, the equation (B.3) holds.
Now we will prove that
(B.4) | log(q(y, b)) − log q(y∗, b)| ≤ C6ǫ
β
In fact by α˜(b) = α˜(−tnc) ◦ α˜(b) ◦ α˜(tnc) we have
q(y, b) = q(α˜(b+ tnc) · y,−tnc) · q(α˜(tnc) · y, b) · q(y, tnc)
The middle term tends to q(y∗, b) since α˜(tnc) · y → y∗. Moreover we claim that the
product of the other terms is close to 1:
log[q(α˜(b+ tnc) · y,−tnc) · q(y, tnc)] = | log q(α˜(b) · y, tnc)− log q(y, tnc)| < C7ǫ
β
where the last inequailty follows from the standard estimate for a Ho¨lder contraction
coefficient along exponentially close orbits since α˜(b) · y ∈ W (y) ⊂ W sc (y). Therefore we
get (B.4), (B.4) and (B.3) implies (B.2). Therefore we get (B.1), which completes the
proof 
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